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Tα πάντα ρεί. Π oταµείς τoίς αυτoίς εµβαίνoµεν τε καί oυκ
εµβαίνoµεν, είµεν τε καί oυκ είµεν.

—Herakleitos

[Thermodynamics] is the only physical theory of a universal na-
ture of which I am convinced that it will never be overthrown.

—Albert Einstein

The law that entropy always increases—the second law of
thermodynamics—holds, I think, the supreme position among the
laws of Nature.

—Sir Arthur Eddington

The future belongs to those who can manipulate entropy; those
who understand but energy will be only accountants.

—Frederic Keffer

The energy of the Universe is constant. The entropy of the Uni-
verse tends to a maximum. The total state of the Universe will
inevitably approach a limiting state.

—Rudolf Clausius

Time flows on, never comes back. When the physicist is con-
fronted with this fact he is greatly disturbed.

—Leon Brillouin

The world has signed a pact with the devil; it had to. It is a
covenant to which everything, even every hydrogen atom, is bound.
The terms are clear: if you want to live, you have to die. The
world came into being with the signing of this contract. A scien-
tist calls it the Second Law of Thermodynamics.

—Annie Dillard
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Preface

Thermodynamics is a physical branch of science that governs the ther-
mal behavior of dynamical systems from those as simple as refrigera-
tors to those as complex as our expanding universe. The laws of ther-
modynamics involving conservation of energy and nonconservation of
entropy are, without a doubt, two of the most useful and general laws
in all sciences. The first law of thermodynamics, according to which
energy cannot be created or destroyed, merely transformed from one
form to another, and the second law of thermodynamics, according to
which the usable energy in an adiabatically isolated dynamical sys-
tem is always diminishing in spite of the fact that energy is conserved,
have had an impact far beyond science and engineering. The second
law of thermodynamics is intimately connected to the irreversibility
of dynamical processes. In particular, the second law asserts that a
dynamical system undergoing a transformation from one state to an-
other cannot be restored to its original state and at the same time
restore its environment to its original condition. That is, the status
quo cannot be restored everywhere. This gives rise to an increasing
quantity known as entropy.

Entropy permeates the whole of nature, and unlike energy, which
describes the state of a dynamical system, entropy is a measure of
change in the status quo of a dynamical system. Hence, the law that
entropy always increases, the second law of thermodynamics, defines
the direction of time flow and shows that a dynamical system state
will continually change in that direction and thus inevitably approach
a limiting state corresponding to a state of maximum entropy. It is
precisely this irreversibility of all dynamical processes connoting the
running down and eventual demise of the universe that has led writers,
historians, philosophers, and theologians to ask profound questions
such as: How is it possible for life to come into being in a universe
governed by a supreme law that impedes the very existence of life?

Even though thermodynamics has provided the foundation for spec-
ulation about some of science’s most puzzling questions concerning
the beginning and the end of the universe, the development of ther-
modynamics grew out of steam tables and the desire to design and
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build efficient heat engines, with many scientists and mathematicians
expressing concerns about the completeness and clarity of its mathe-
matical foundation over its long and tortuous history. Indeed, many
formulations of classical thermodynamics, especially most textbook
presentations, poorly amalgamate physics with rigorous mathematics
and have had a hard time in finding a balance between nineteenth
century steam and heat engine engineering, and twenty first century
science and mathematics. In fact, no other discipline in mathematical
science is riddled with so many logical and mathematical inconsis-
tencies, differences in definitions, and ill-defined notation as classical
thermodynamics. With a notable few exceptions, more than a cen-
tury of mathematicians have turned away in disquietude from classi-
cal thermodynamics, often overlooking its grandiose unsubstantiated
claims and allowing it to slip into an abyss of ambiguity.

The development of the theory of thermodynamics followed two
conceptually rather different lines of thought. The first (historically),
known as classical thermodynamics, is based on fundamental laws
that are assumed as axioms, which in turn are based on experimen-
tal evidence. Conclusions are subsequently drawn from them using
the notion of a thermodynamic state of a system, which includes tem-
perature, volume, and pressure, among others. The second, known
as statistical thermodynamics, has its foundation in classical mechan-
ics. However, since the state of a dynamical system in mechanics is
completely specified point-wise in time by each point-mass position
and velocity and since thermodynamic systems contain large numbers
of particles (atoms or molecules, typically on the order of 1023), an
ensemble average of different configurations of molecular motion is
considered as the state of the system. In this case, the equivalence
between heat and dynamical energy is based on a kinetic theory inter-
pretation reducing all thermal behavior to the statistical motions of
atoms and molecules. In addition, the second law of thermodynamics
has only statistical certainty wherein entropy is directly related to the
relative probability of various states of a collection of molecules.

In this monograph, we utilize the language of modern mathematics
within a theorem-proof format to develop a general dynamical systems
theory for reversible and irreversible (non)equilibrium thermodynam-
ics. The monograph is written from a system-theoretic point of view
and can be viewed as a contribution to the fields of thermodynamics
and mathematical system theory. In particular, we develop a novel
formulation of thermodynamics using a middle-ground theory involv-
ing deterministic large-scale dynamical system models that bridges the
gap between classical and statistical thermodynamics. The benefits of
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such a theory include the advantage of being independent of the sim-
plifying assumptions that are often made in statistical mechanics and
at the same time providing a thermodynamic framework with enough
detail of how the system really evolves without ever needing to resort
to statistical (subjective or informational) probabilities. In partic-
ular, we develop a system-theoretic foundation for thermodynamics
using a large-scale dynamical systems perspective. Specifically, us-
ing compartmental dynamical system energy flow models, we place
the universal energy conservation, energy equipartition, temperature
equipartition, and entropy nonconservation laws of thermodynamics
on a system-theoretic foundation.

Next, we establish the existence of a new and dual notion to entropy,
namely, ectropy, as a measure of the tendency of a dynamical system
to do useful work and grow more organized, and we show that conser-
vation of energy in an adiabatically isolated thermodynamic system
necessarily leads to nonconservation of ectropy and entropy. In ad-
dition, using the system ectropy as a Lyapunov function candidate,
we show that our large-scale thermodynamic energy flow model has
convergent trajectories to Lyapunov stable equilibria determined by
the large-scale system initial subsystem energies. Furthermore, using
the system entropy and ectropy functions, we establish a clear connec-
tion between irreversibility, the second law of thermodynamics, and
the arrow of time. Finally, these results are generalized to continuum
thermodynamics involving infinite-dimensional energy flow conserva-
tion models. Since in this case the resulting dynamical system is
defined on an infinite-dimensional Banach space that is not locally
compact, stability, convergence, and energy equipartition are shown
using Sobolev embedding theorems and the notion of generalized (or
weak) solutions.

The quest in pursuing a systems foundation for thermodynamics
by the authors can be traced back to the late 1980’s, when the first
author was introduced to the possibility of such a notion by David C.
Hyland. David Hyland maintained that the second law of thermody-
namics applied to large-scale coupled mechanical systems with modal
energy playing the role of temperature, and he asserted that many
concepts of energy flow modeling in high-dimensional mechanical sys-
tems have clear connections with statistical mechanics of many parti-
cle systems. Ensuing discussions between the first author and Dennis
S. Bernstein on the thermodynamic behavior of coupled mechanical
systems followed periodically over the next several years. However,
a key insight in the pursuit of a system-theoretic foundation of ther-
modynamics came after the first author read Jan C. Willems’ seminal
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two-part paper on dissipative dynamical systems, wherein the second
law of thermodynamics is viewed as an axiom in the context of dis-
sipative dynamical systems. The final piece of the puzzle fell into
place when the authors started their recent collaboration with James
M. Bailey on biological and physiological systems involving energy
flow compartmental models, as well as their own collaborative work
on vector dissipativity theory of large-scale dynamical systems. The
culmination of the above series of research themes has led to this
monograph.

The first author would like to thank Dennis S. Bernstein and David
C. Hyland for their valuable discussions on thermodynamics and vi-
brational systems over the years. Their legacy to the first author has
been the reinforcement that dynamical system and control theory is
exactly at the crossroads between mathematics and engineering, and is
in a unique position to clarify and add precision to numerous engineer-
ing concepts that are otherwise based on physical insight and empiri-
cal observation. The authors would like to thank Tomohisa Hayakawa
for carefully reading several versions of the manuscript and providing
helpful suggestions. In addition, the authors thank Jan C. Willems
for his constructive comments and feedback. Jan Willems’ founda-
tional work on dissipative dynamical systems has been a tremendous
source of inspiration to the authors. Finally, the authors would like
to thank Paul Katinas for providing a translation of Herakleitos’ pro-
found statements quoted in ancient Greek on page vi. In addition, we
thank Paul for several interesting discussions on the ramifications of
these statements to ontology and cosmology.

The results reported in this monograph were obtained at the School
of Aerospace Engineering, Georgia Institute of Technology, Atlanta,
and the Department of Mechanical and Aerospace Engineering, Uni-
versity of Missouri, Columbia, between June 2003 and August 2004.
The research support provided by the Air Force Office of Scientific Re-
search and the National Science Foundation over the years has been
instrumental in allowing us to explore basic research topics that have
led to some of the material in this monograph. We are indebted to
them for their support.

Atlanta, Georgia, USA, March 2005, Wassim M. Haddad

Knoxville, Tennessee, USA, March 2005, VijaySekhar Chellaboina

Atlanta, Georgia, USA, March 2005, Sergey G. Nersesov



Chapter One

Introduction

1.1 An Overview of Thermodynamics

Energy is a concept that underlies our understanding of all physical
phenomena and is a measure of the ability of a dynamical system to
produce changes (motion) in its own system state as well as changes
in the system states of its surroundings. Thermodynamics is a physi-
cal branch of science that deals with laws governing energy flow from
one body to another and energy transformations from one form to
another. These energy flow laws are captured by the fundamental
principles known as the first and second laws of thermodynamics.
The first law of thermodynamics gives a precise formulation of the
equivalence between heat and work and states that among all system
transformations, the net system energy is conserved. Hence, energy
cannot be created out of nothing and cannot be destroyed; it can
merely be transferred from one form to another. The law of conserva-
tion of energy is not a mathematical truth, but rather the consequence
of an immeasurable culmination of observations over the chronicle of
our civilization and is a fundamental axiom of the science of heat.
The first law does not tell us whether any particular process can ac-
tually occur, that is, it does not restrict the ability to convert work
into heat or heat into work, except that energy must be conserved in
the process. The second law of thermodynamics asserts that while
the system energy is always conserved, it will be degraded to a point
where it cannot produce any useful work. Hence, it is impossible to
extract work from heat without at the same time discarding some
heat, giving rise to an increasing quantity known as entropy.

While energy describes the state of a dynamical system, entropy
refers to changes in the status quo of the system and is a measure of
molecular disorder and the amount of wasted energy in a dynamical
(energy) transformation from one state (form) to another. Since the
system entropy increases, the entropy of a dynamical system tends
to a maximum, and thus time, as determined by system entropy in-
crease [70, 89, 105], flows on in one direction only. Even though en-
tropy is a physical property of matter that is not directly observable,
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it permeates the whole of nature, regulating the arrow of time, and
is responsible for the enfeeblement and eventual demise of the uni-
verse.1,2 While the laws of thermodynamics form the foundation to
basic engineering systems as well as nuclear explosions, cosmology,
and our expanding universe, many mathematicians and scientists have
expressed concerns about the completeness and clarity of the differ-
ent expositions of thermodynamics over its long and flexuous history;
see [19, 23, 32, 41, 45, 77, 94, 96, 99].

Since the specific motion of every molecule of a thermodynamic
system is impossible to predict, a macroscopic model of the system
is typically used, with appropriate macroscopic states that include
pressure, volume, temperature, internal energy, and entropy, among
others. One of the key criticisms of the macroscopic viewpoint of
thermodynamics, known as classical thermodynamics, is the inabil-
ity of the model to provide enough detail of how the system really
evolves; that is, it is lacking a kinetic mechanism for describing the
behavior of heat. In developing a kinetic model for heat and dynami-
cal energy, a thermodynamically consistent energy flow model should
ensure that the system energy can be modeled by a diffusion (conser-
vation) equation in the form of a parabolic partial differential equation.
Such systems are infinite-dimensional, and hence, finite-dimensional
approximations are of very high order, giving rise to large-scale dy-
namical systems. Since energy is a fundamental concept in the analy-
sis of large-scale dynamical systems, and heat (energy) is a fundamen-
tal concept of thermodynamics involving the capacity of hot bodies
(more energetic subsystems) to produce work, thermodynamics is a
theory of large-scale dynamical systems.

High-dimensional dynamical systems can arise from both macro-
scopic and microscopic points of view. Microscopic thermodynamic

1Many natural philosophers have associated this ravaging irrecoverability in
connection to the second law of thermodynamics with an eschatological terminus
of the universe. Namely, the creation of a certain degree of life and order in the
universe is inevitably coupled with an even greater degree of death and disorder.
A convincing derivation of this bold claim has, however, never been given.

2The earliest perception of irreversibility of nature and the universe along with
time’s arrow was postulated by the ancient Greek philosopher Herakleitos (∼ 535–
∼ 475 B.C.). Herakleitos’ profound statements (quoted in ancient Greek on page
vi), Everything is in a state of flux and Man cannot step into the same river twice,

because neither the man nor the river is the same, created the foundation for all
other speculation on physics and metaphysics. The idea that the universe is in
constant change and that there is an underlying order to this change—the Logos,
dare we say—postulates the very existence of entropy as a physical property of
matter permeating the whole of nature and the universe.
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models can have the form of a distributed-parameter model or a large-
scale system model comprised of a large number of interconnected sub-
systems. In contrast to macroscopic models involving the evolution
of global quantities (e.g., energy, temperature, entropy, etc.), micro-
scopic models are based upon the modeling of local quantities that
describe the atoms and molecules that make up the system and their
speeds, energies, masses, angular momenta, behavior during collisions,
etc. The mathematical formulations based on these quantities form
the basis of statistical mechanics. Thermodynamics based on statis-
tical mechanics is known as statistical thermodynamics and involves
the mechanics of an ensemble of many particles (atoms or molecules)
wherein the detailed description of the system state loses importance
and only average properties of large numbers of particles are consid-
ered. Since microscopic details are obscured on the macroscopic level,
it is appropriate to view a microscopic model as an inherent model of
uncertainty. However, for a thermodynamic system the macroscopic
and microscopic quantities are related since they are simply different
ways of describing the same phenomena. Thus, if the global macro-
scopic quantities can be expressed in terms of the local microscopic
quantities, the laws of thermodynamics could be described in the lan-
guage of statistical mechanics. This interweaving of the microscopic
and macroscopic points of view leads to diffusion being a natural con-
sequence of dimensionality and, hence, uncertainty on the microscopic
level, despite the fact that there is no uncertainty about the diffusion
process per se.

Thermodynamics was spawned from the desire to design and build
efficient heat engines, and it quickly spread to speculations about
the universe upon the discovery of entropy as a fundamental physi-
cal property of matter. The theory of classical thermodynamics was
predominantly developed by Carnot, Clausius, Kelvin, Planck, Gibbs,
and Carathéodory,3 and its laws have become one of the most firmly
established scientific achievements ever accomplished. The pioneering
work of Carnot [24] was the first to establish the impossibility of a per-
petuum mobile of the second kind4 by constructing a cyclical process

3The theory of classical thermodynamics has also been developed over the last
one and a half centuries by many other researchers. Notable contributions include
the work of Rankine, Reech, Clapeyron, and Giles.

4A perpetuum mobile of the second kind is a cyclic device that would continu-
ously extract heat from the environment and completely convert it into mechanical
work. Since such a machine would not create energy, it would not violate the first
law of thermodynamics. In contrast, a machine that creates its own energy and
thus violates the first law is called a perpetuum mobile of the first kind.



4 CHAPTER 1

(now known as the Carnot cycle) involving two competing cycles, and
showing that it is impossible to extract work from heat without at
the same time discarding some heat. Carnot’s main assumption (now
known as Carnot’s principle) was that it is impossible to perform an
arbitrarily often repeatable cycle whose only effect is to produce an
unlimited amount of positive work. In particular, Carnot showed that
the efficiency of a reversible cycle—that is, the ratio of the total work
produced during the cycle and the amount of heat transferred from a
boiler (furnace) to a cooler (refrigerator)—is bounded by a universal
maximum, and this maximum is only a function of the temperatures
of the boiler and the cooler. Both heat reservoirs (i.e., furnace and re-
frigerator) are assumed to have an infinite source of heat so that their
state is unchanged by their heat exchange with the engine (i.e., the
device that performs the cycle), and hence, the engine is capable of
repeating the cycle arbitrarily often. Carnot’s result was remarkably
arrived at using the erroneous concept that heat is an indestructible
substance, that is, the caloric theory of heat.5

Using a macroscopic approach and building on the work of Carnot,
Clausius [26–29] was the first to introduce the notion of entropy as
a physical property of matter and to establish the two main laws
of thermodynamics involving conservation of energy6 and nonconser-
vation of entropy. Specifically, using conservation of energy princi-
ples, Clausius showed that Carnot’s principle is valid. Furthermore,
Clausius postulated that it is impossible to perform a cyclic system
transformation whose only effect is to transfer heat from a body at
a given temperature to a body at a higher temperature. From this
postulate Clausius established the second law of thermodynamics as
a statement about entropy increase for adiabatically isolated systems
(i.e., systems with no heat exchange with the environment). From
this statement Clausius goes on to state what have become known as
the most controversial words in the history of thermodynamics and
perhaps all of science; namely, the entropy of the universe is tending
to a maximum, and the total state of the universe will inevitably ap-

5After Carnot’s death, several articles were discovered wherein he had expressed
doubt about the caloric theory of heat (i.e., the conservation of heat). However,
these articles were not published until the late 1870’s, and as such, did not influence
Clausius in rejecting the caloric theory of heat and deriving Carnot’s results using
the energy equivalence principle of Mayer and Joule.

6Even though many scientists are credited with the law of conservation of energy,
it was first discovered independently by Mayer and Joule, with Joule providing
a series of decisive, quantitative studies in the 1840’s showing the equivalence
between heat and mechanical work.
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proach a limiting state. The fact that the entropy of the universe is a
thermodynamically undefined concept led to serious criticism of Clau-
sius’ grand universal generalizations by many of his contemporaries
as well as numerous scientists, natural philosophers, and theologians
who followed.7 In his later work [29], Clausius remitted his famous
claim that the entropy of the universe is tending to a maximum.

In parallel research Kelvin [55, 93] developed similar, and in some
cases identical, results as Clausius, with the main difference being the
absence of the concept of entropy. Kelvin’s main view of thermody-
namics was that of a universal irreversibility of physical phenomena
occurring in nature. Kelvin further postulated that it is impossi-
ble to perform a cyclic system transformation whose only effect is to
transform into work heat from a source that is at the same tempera-
ture throughout.8 Without any supporting mathematical arguments,
Kelvin goes on to state that the universe is heading towards a state
of eternal rest wherein all life on Earth in the distant future shall
perish. This claim by Kelvin involving a universal tendency towards
dissipation has come to be known as the heat death of the universe.

Building on the work of Clausius and Kelvin, Planck [82,83] refined
the formulation of classical thermodynamics. From 1897 to 1964,
Planck’s treatise [82] underwent eleven editions. Nevertheless, these
editions have several inconsistencies regarding key notions and defin-
itions of reversible and irreversible processes. Planck’s main theme of
thermodynamics is that entropy increase is a necessary and sufficient
condition for irreversibility. Without any proof (mathematical or oth-
erwise), he goes on to conclude that every dynamical system in nature

7Clausius’ concept of the universe approaching a limiting state was inadvertently
based on an analogy between a universe and a finite adiabatically isolated system
possessing a finite energy content. It is not clear where the heat absorbed by
the system, if that system is the universe, needed to define the change in entropy
between two system states comes from. Nor is it clear whether an infinite and
endlessly expanding universe governed by the theory of general relativity has a final
equilibrium state. An additional caveat is the delineation of energy conservation
when changes in the curvature of space-time need to be accounted for. In this case,
the energy density tensor in Einstein’s equations is only covariantly conserved since
it does not account for gravitational energy—an unsolved problem in the general
theory of relativity. Nevertheless, the law of conservation of energy is as close to
an absolute truth as our incomprehensible universe will allow us to deduce.

8In the case of thermodynamic systems with positive absolute temperatures,
Kelvin’s postulate can be shown to be equivalent to Clausius’ postulate. However,
many textbooks erroneously show this equivalence without the assumption of posi-

tive absolute temperatures. Physical systems possessing a small number of energy
levels with negative absolute temperatures are discussed in [71,86].
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evolves in such a way that the total entropy of all of its parts increases.
In the case of reversible processes, he concludes that the total en-
tropy remains constant. Unlike Clausius’ entropy increase conclusion,
Planck’s increase entropy principle is not restricted to adiabatically
isolated dynamical systems. Rather, it applies to all system transfor-
mations wherein the initial states of any exogenous system, belonging
to the environment and coupled to the transformed dynamical system,
return to their initial condition.

Unlike the work of Clausius, Kelvin, and Planck involving cyclical
system transformations, the work of Gibbs [39] involves system equi-
librium states. Specifically, Gibbs assumes a thermodynamic state of a
system involving pressure, volume, temperature, energy, and entropy,
among others, and proposes that an isolated system9 (i.e., a system
with no energy exchange with the environment) is in equilibrium if
and only if all possible variations of the state of the system that do
not alter its energy, the variation of the system entropy is negative
semidefinite. Hence, Gibbs’ principle gives necessary and sufficient
conditions for a thermodynamically stable equilibrium and should be
viewed as a variational principle defining admissible (i.e., stable) equi-
librium states. Thus, it does not provide any information about the
dynamical state of the system as a function of time nor any conclusion
regarding entropy increase in a dynamical system transformation.

Carathéodory [20, 21] was the first to give a rigorous axiomatic
mathematical framework for thermodynamics. In particular, using
an equilibrium thermodynamic theory, Carathéodory assumes a state
space endowed with a Euclidean topology and defines the equilibrium
state of the system using thermal and deformation coordinates. Next,
he defines an adiabatic accessibility relation wherein a reachability
condition of an adiabatic process10 is used such that an empirical
statement of the second law characterizes a mathematical structure
for an abstract state space. Carathéodory’s postulate for the second
law states that in every open neighborhood of any state of a system,
there exist states such that for some second open neighborhood con-
tained in the first neighborhood, all the states in the second neighbor-
hood cannot be reached by adiabatic processes from states in the first
neighborhood. From this postulate Carathéodory goes on to show

9Gibbs’ principle is weaker than Clausius’ principle leading to the second law
involving entropy increase since it holds for the more restrictive case of isolated
systems.

10Carathéodory’s definition of an adiabatic process is nonstandard and involves
transformations that take place while the system remains in an adiabatic container.
For details see [20,21].
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that for a special class of systems, which he called simple systems,
there exists a locally defined entropy and an absolute temperature
on the state space for every simple system equilibrium state. One of
the key weaknesses of Carathéodory’s work is that his principle is too
weak in establishing the existence of a global entropy function.

Adopting a microscopic viewpoint, Boltzmann [15] was the first to
give a probabilistic interpretation of entropy involving different con-
figurations of molecular motion of the microscopic dynamics. Specifi-
cally, Boltzmann reinterpreted thermodynamics in terms of molecules
and atoms by relating the mechanical behavior of individual atoms
with their thermodynamic behavior by suitably averaging properties of
the individual atoms. In particular, even though individual atoms are
assumed to obey the laws of Newtonian mechanics, by suitably aver-
aging over the velocity distribution of these atoms Boltzmann showed
how the microscopic (mechanical) behavior of atoms and molecules
produced effects visible on a macroscopic (thermodynamic) scale. He
goes on to argue that Clausius’ thermodynamic entropy (a macro-
scopic quantity) is proportional to the logarithm of the probability
that a system will exist in the state it is in relative to all possible
states it could be in. Thus, the entropy of a thermodynamic system
state (macrostate) corresponds to the degree of uncertainty about the
actual system mechanical state (microstate) when only the thermo-
dynamic system state (macrostate) is known. Hence, the essence of
Boltzmann thermodynamics is that thermodynamic systems with a
constant energy level will evolve from a less probable state to a more
probable state with the equilibrium system state corresponding to a
state of maximum entropy (i.e., highest probability).

In the first half of the twentieth century, the macroscopic and micro-
scopic interpretations of thermodynamics underwent a long and fierce
debate. To exacerbate matters, since classical thermodynamics was
formulated as a physical theory and not a mathematical theory, many
scientists and mathematical physicists expressed concerns about the
completeness and clarity of the mathematical foundation of thermody-
namics [5,19,96]. In fact, many fundamental conclusions arrived at by
classical thermodynamics can be viewed as paradoxical. For example,
in classical thermodynamics the notion of entropy (and temperature)
is only defined for equilibrium states. However, the theory concludes
that nonequilibrium states transition towards equilibrium states as
a consequence of the law of entropy increase! Furthermore, classical
thermodynamics is mainly restricted to systems in equilibrium. The
second law infers that for any transformation occurring in an isolated
system, the entropy of the final state can never be less than the en-
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tropy of the initial state. In this context, the initial and final states
of the system are equilibrium states. However, by definition, an equi-
librium state is a system state that has the property that whenever
the state of the system starts at the equilibrium state it will remain
at the equilibrium state for all future time unless an external dis-
turbance acts on the system. Hence, the entropy of the system can
only increase if the system is not isolated! Many aspects of classical
thermodynamics are riddled with such inconsistencies, and hence it is
not surprising that many formulations of thermodynamics, especially
most textbook expositions, poorly amalgamate physics with rigorous
mathematics. Perhaps this is best eulogized in [96, p. 6], wherein
Truesdell describes the present state of the theory of thermodynamics
as a “dismal swamp of obscurity.” More recently, Arnold [5, p. 163]
writes that “every mathematician knows it is impossible to understand
an elementary course in thermodynamics.”

As we have outlined, it is clear that there have been many differ-
ent presentations of classical thermodynamics with varying hypothe-
ses and conclusions. To exacerbate matters, the careless and con-
siderable differences in the definitions of two of the key notions of
thermodynamics—namely, the notions of reversibility and irrevers-
ibility—have contributed to the widespread confusion and lack of clar-
ity of the exposition of classical thermodynamics over the past one and
a half centuries. For example, the concept of reversible processes as de-
fined by Clausius, Kelvin, Planck, and Carathéodory have very differ-
ent meanings. In particular, Clausius defines a reversible (umkehrbar)
process as a slowly varying process wherein successive states of this
process differ by infinitesimals from the equilibrium system states.
Such system transformations are commonly referred to as quasista-
tic transformations in the thermodynamic literature. Alternatively,
Kelvin’s notions of reversibility involve the ability of a system to com-
pletely recover its initial state from the final system state. Planck
introduced several notions of reversibility. His main notion of re-
versibility is one of complete reversibility and involves recoverability
of the original state of the dynamical system while at the same time
restoring the environment to its original condition. Unlike Clausius’
notion of reversibility, Kelvin’s and Planck’s notions of reversibility
do not require the system to exactly retrace its original trajectory
in reverse order. Carathéodory’s notion of reversibility involves re-
coverability of the system state in an adiabatic process resulting in
yet another definition of thermodynamic reversibility. These subtle
distinctions of (ir)reversibility are often unrecognized in the thermo-
dynamic literature. Notable exceptions to this fact include [16, 97],
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with [97] providing an excellent exposition of the relation between
irreversibility, the second law of thermodynamics, and the arrow of
time.

The arrow of time11 remains one of physics’ most perplexing enig-
mas [36,43,53,60,69,83,87,102]. Even though time is one of the most
familiar concepts humankind has ever encountered, it is the least un-
derstood. Puzzling questions of time’s mysteries have remained unan-
swered throughout the centuries. Questions such as, Where does time
come from? What would our universe look like without time? Can
there be more than one dimension to time? Is time truly a fundamen-
tal appurtenance woven into the fabric of the universe, or is it just
a useful edifice for organizing our perception of events? Why is the
concept of time hardly ever found in the most fundamental physical
laws of nature and the universe? Can we go back in time? And if so,
can we change past events?

Human experience perceives time flow as unidirectional; the present
is forever flowing towards the future and away from a forever fixed
past. Many scientists have attributed this emergence of the direction
of time flow to the second law of thermodynamics due to its intimate
connection to the irreversibility of dynamical processes.12 In this re-
gard, thermodynamics is disjoint from Newtonian and Hamiltonian
mechanics (including Einstein’s extensions), since these theories are
invariant under time reversal, that is, they make no distinction be-
tween one direction of time and the other. Such theories possess a
time-reversal symmetry, wherein, from any given moment of time,
the governing laws treat past and future in exactly the same way [61].
For example, a film run backwards of a harmonic oscillator over a full
period or a planet orbiting the Sun would represent possible events.
In contrast, a film run backwards of water in a glass coalescing into a
solid ice cube or ashes self-assembling into a log of wood would imme-
diately be identified as an impossible event. The idea that the second
law of thermodynamics provides a physical foundation for the arrow

11Perhaps a better expression here is the geodesic arrow of time, since, as Ein-
stein’s theory of relativity shows, time and space are intricately coupled, and hence
one cannot curve space without involving time as well. Thus, time has a shape
that goes along with its directionality.

12In statistical thermodynamics the arrow of time is viewed as a consequence
of high system dimensionality and randomness. However, since in statistical ther-
modynamics it is not absolutely certain that entropy increases in every dynamical
process, the direction of time, as determined by entropy increase, has only statis-
tical certainty and not an absolute certainty. Hence, it cannot be concluded from
statistical thermodynamics that time has a unique direction of flow.
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of time has been postulated by many authors [37, 85, 87]. However, a
convincing argument of this claim has never been given [43,60,97].

In the last half of the twentieth century, thermodynamics was refor-
mulated as a global nonlinear field theory with the ultimate objective
to determine the independent field variables of this theory [31,75,95].
This aspect of thermodynamics, which became known as rational ther-
modynamics, was predicated on an entirely new axiomatic approach.
As a result of this approach, modern continuum thermodynamics was
developed using theories from elastic materials, viscous materials, and
materials with memory [30, 34, 35, 44]. The main difference between
classical thermodynamics and rational thermodynamics can be traced
back to the fact that in rational thermodynamics the second law is
not interpreted as a restriction on the transformations a system can
undergo, but rather as a restriction on the system’s constitutive equa-
tions.

More recently, a major contribution to equilibrium thermodynamics
is given in [65]. This work builds on the work of Carathéodory [20,21]
and Giles [40] by developing a thermodynamic system representation
involving a state space on which an adiabatic accessibility relation is
defined. The existence and uniqueness of an entropy function is estab-
lished as a consequence of adiabatic accessibility among equilibrium
states. As in Carathéodory’s work, the authors in [65] also restrict
their attention to simple (possibly interconnected) systems in order to
arrive at an entropy increase principle. However, it should be noted
that the notion of a simple system in [65] is not equivalent to that of
Carathéodory’s notion of a simple system. Connections between ther-
modynamics and system theory as well as information theory have also
been explored in the literature [9, 10, 17, 18, 48, 80, 100, 102, 104, 106].
For an excellent exposition of these different facets of thermodynamics
see [42].

Thermodynamic principles have also been repeatedly used in cou-
pled mechanical systems to arrive at energy flow models with modal
energy playing the role of temperature. Specifically, in an attempt to
approximate high-dimensional dynamics of large-scale structural (os-
cillatory) systems with a low-dimensional diffusive (non-oscillatory)
dynamical model, structural dynamicists have developed thermody-
namic energy flow models using stochastic energy flow techniques. In
particular, statistical energy analysis (SEA) predicated on averaging
system states over the statistics of the uncertain system parameters
has been extensively developed for mechanical and acoustic vibration
problems [22, 54, 62, 69, 91, 103]. Thermodynamic models are derived
from large-scale dynamical systems of discrete subsystems involving
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stored energy flow among subsystems based on the assumption of weak
subsystem coupling or identical subsystems. However, the ability of
SEA to predict the dynamic behavior of a complex large-scale dy-
namical system in terms of pairwise subsystem interactions is severely
limited by the coupling strength of the remaining subsystems on the
subsystem pair. Hence, it is not surprising that SEA energy flow pre-
dictions for large-scale systems with strong coupling can be erroneous.

Alternatively, a deterministic thermodynamically motivated energy
flow modeling for structural systems is addressed in [57–59]. This ap-
proach exploits energy flow models in terms of thermodynamic energy
(i.e., the ability to dissipate heat) as opposed to stored energy and
is not limited to weak subsystem coupling. A stochastic energy flow
compartmental model (i.e., a model characterized by energy conser-
vation laws) predicated on averaging system states over the statistics
of stochastic system exogenous disturbances is developed in [10]. The
basic result demonstrates how linear compartmental models arise from
second-moment analysis of state space systems under the assumption
of weak coupling. Even though these results can be potentially ap-
plicable to linear large-scale dynamical systems with weak coupling,
such connections are not explored in [10]. With the notable excep-
tion of [22], none of the aforementioned SEA-related works addresses
the second law of thermodynamics involving entropy notions in the
energy flow between subsystems.

1.2 System Thermodynamics

In contrast to mechanics, which is based on a dynamical system the-
ory, classical thermodynamics is a physical theory and does not pos-
sess equations of motion. The goal of the present monograph is di-
rected towards placing thermodynamics on a system-theoretic foun-
dation so as to harmonize it with classical mechanics. In particular,
we develop a novel formulation of thermodynamics that can be viewed
as a moderate-sized system theory as compared to statistical thermo-
dynamics. This middle-ground theory involves deterministic large-
scale dynamical system models that bridge the gap between classical
and statistical thermodynamics. Specifically, since thermodynamic
models are concerned with energy flow among subsystems, we use a
state space formulation to develop a nonlinear compartmental dynam-
ical system model that is characterized by energy conservation laws
capturing the exchange of energy between coupled macroscopic sub-
systems. Furthermore, using graph-theoretic notions, we state two
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thermodynamic axioms consistent with the zeroth and second laws of
thermodynamics, which ensure that our large-scale dynamical system
model gives rise to a thermodynamically consistent energy flow model.
Specifically, using a large-scale dynamical systems theory perspective
for thermodynamics, we show that our compartmental dynamical sys-
tem model leads to a precise formulation of the equivalence between
work energy and heat in a large-scale dynamical system.

Since our thermodynamic formulation is based on a large-scale dy-
namical system theory involving the exchange of energy with con-
servation laws describing transfer, accumulation, and dissipation be-
tween subsystems and the environment, our framework goes beyond
classical thermodynamics characterized by a purely empirical theory,
wherein a physical system is viewed as an input-output black box sys-
tem. Furthermore, unlike classical thermodynamics, which is often
limited to the description of systems in equilibrium states, our ap-
proach addresses nonequilibrium thermodynamic systems. This al-
lows us to connect and unify the behavior of heat as described by
the equations of thermal transfer and as described by classical ther-
modynamics. This exposition demonstrates that these disciplines of
classical physics are derivable from the same principles and are part
of the same mathematical framework.

Our nonequilibrium thermodynamic framework goes beyond the
reciprocal relations for irreversible processes developed by Onsager13

[78, 79] and further extended by Casimir [25], which fall short of a
complete dynamical theory. The Onsager-Casimir reciprocal rela-
tions treat only the irreversible aspects of system processes, and thus
the theory is an algebraic theory that is primarily restricted to de-
scribing (time-independent) system steady states. In addition, the
Onsager-Casimir formalism is restricted to linear systems, wherein a
linearity restriction is placed on the admissible constitutive relations
between the thermodynamic forces and fluxes. Another limitation of
the Onsager-Casimir framework is the difficulty in providing a macro-
scopic description for large-scale complex dynamical systems. In con-
trast, the proposed system thermodynamic formalism brings classical
thermodynamics within the framework of modern nonlinear dynam-
ical systems theory, thus providing information about the dynamical
behavior between the initial and final equilibrium system states.

13Onsager’s theorem pertains to the thermodynamics of linear systems, wherein
a symmetric reciprocal relation applies between forces and fluxes. In particular,
a flow or flux of matter in thermodiffusion is caused by the force exerted by the
thermal gradient. Conversely, a concentration gradient causes a heat flow, an effect
that has been experimentally verified.



INTRODUCTION 13

Next, we give a deterministic definition of entropy for a large-scale
dynamical system that is consistent with the classical thermodynamic
definition of entropy, and we show that it satisfies a Clausius-type
inequality leading to the law of entropy nonconservation. However,
unlike classical thermodynamics, wherein entropy is not defined for
arbitrary states out of equilibrium, our definition of entropy holds
for nonequilibrium dynamical systems. Furthermore, we introduce a
new and dual notion to entropy—namely, ectropy14—as a measure of
the tendency of a large-scale dynamical system to do useful work and
grow more organized, and we show that conservation of energy in an
adiabatically isolated thermodynamically consistent system necessar-
ily leads to nonconservation of ectropy and entropy. Hence, for every
dynamical transformation in an adiabatically isolated thermodynami-
cally consistent system, the entropy of the final system state is greater
than or equal to the entropy of the initial system state. Then, using
the system ectropy as a Lyapunov function candidate, we show that
in the absence of energy exchange with the environment our thermo-
dynamically consistent large-scale nonlinear dynamical system model
possesses a continuum of equilibria and is semistable, that is, it has
convergent subsystem energies to Lyapunov stable energy equilibria
determined by the large-scale system initial subsystem energies. In
addition, we show that the steady-state distribution of the large-scale
system energies is uniform, leading to system energy equipartition-
ing corresponding to a minimum ectropy and a maximum entropy
equilibrium state.

For our thermodynamically consistent dynamical system model, we
further establish the existence of a unique continuously differentiable
global entropy and ectropy function for all equilibrium and nonequi-
librium states. Using these global entropy and ectropy functions, we
go on to establish a clear connection between thermodynamics and
the arrow of time. Specifically, we rigorously show a state irrecover-
ability and hence a state irreversibility15 nature of thermodynamics.

14Ectropy comes from the Greek word εκτρoπη (εκ and τρoπη) for outward
transformation and is the literal antonym of entropy (εντρoπη—εν and τρoπη),
signifying an inward transformation. The word entropy was proposed by Clausius
for its phonetic similarity to energy with the additional connotation reflecting
change (τρoπη) and does not necessarily correspond to an inward or outward
change.

15In the terminology of [97], state irreversibility is referred to as time-reversal

non-invariance. However, since the term time-reversal is not meant literally (that
is, we consider dynamical systems whose trajectory reversal is or is not allowed and
not a reversal of time itself), state reversibility is a more appropriate expression.
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In particular, we show that for every nonequilibrium system state and
corresponding system trajectory of our thermodynamically consistent
large-scale nonlinear dynamical system, there does not exist a state
such that the corresponding system trajectory completely recovers
the initial system state of the dynamical system and at the same time
restores the energy supplied by the environment back to its original
condition. This, along with the existence of a global strictly increas-
ing entropy function on every nontrivial system trajectory, gives a
clear time-reversal asymmetry characterization of thermodynamics,
establishing an emergence of the direction of time flow. In the case
where the subsystem energies are proportional to subsystem tempera-
tures, we show that our dynamical system model leads to temperature
equipartition, wherein all the system energy is transferred into heat
at a uniform temperature. Furthermore, we show that our system-
theoretic definition of entropy and the newly proposed notion of ec-
tropy are consistent with Boltzmann’s kinetic theory of gases involving
an n-body theory of ideal gases divided by diathermal walls. Finally,
these results are generalized to continuum thermodynamics involving
infinite-dimensional energy flow conservation models.

1.3 A Brief Outline of the Monograph

The objective of this monograph is to develop a system-theoretic foun-
dation for classical thermodynamics using dynamical systems and con-
trol notions. The main contents of the monograph are as follows.
In Chapter 2, we establish notation and definitions, and we review
some basic results on nonnegative and compartmental dynamical sys-
tems needed to establish thermodynamically consistent energy flow
models. Furthermore, we introduce the notions of (ir)reversible and
(ir)recoverable dynamical systems, as well as volume-preserving flows
and recurrent dynamical systems. In Chapter 3, we use a large-scale
dynamical systems perspective to provide a system-theoretic founda-
tion for thermodynamics. Specifically, using a state space formulation,
we develop a nonlinear compartmental dynamical system model char-
acterized by energy conservation laws that is consistent with basic
thermodynamic principles. In particular, using the total subsystem
energies as a candidate system energy storage function, we show that
our thermodynamic system is lossless and hence can deliver to its sur-
roundings all of its stored subsystem energies and can store all of the
work done to all of its subsystems. This leads to the first law of ther-
modynamics involving conservation of energy and places no limitation
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on the possibility of transforming heat into work or work into heat.
Next, we show that the classical Clausius equality and inequality

for reversible and irreversible thermodynamics are satisfied over cyclic
motions for our thermodynamically consistent energy flow model and
guarantee the existence of a continuous system entropy function. In
addition, we establish the existence of a unique, continuously differ-
entiable global entropy function for our large-scale dynamical system,
which is used to define inverse subsystem temperatures as the deriva-
tive of the subsystem entropies with respect to the subsystem energies.
Then we turn our attention to stability and convergence. Specifically,
using the system ectropy as a Lyapunov function candidate, we show
that in the absence of energy exchange with the environment, the
proposed thermodynamic model is semistable with a uniform energy
distribution corresponding to a state of minimum ectropy and a state
of maximum entropy. Furthermore, using the system entropy and ec-
tropy functions, we develop a clear connection between irreversibility,
the second law of thermodynamics, and the entropic arrow of time.

In Chapter 4, we generalize the results of Chapter 3 to the case
where the subsystem energies in the large-scale dynamical system
model are proportional to subsystem temperatures, and we arrive
at temperature equipartition for the proposed thermodynamic model.
Furthermore, we provide a kinetic theory interpretation of the steady-
state expressions for entropy and ectropy. In Chapter 5, we augment
our nonlinear compartmental dynamical system model with an ad-
ditional (deformation) state representing compartmental volumes to
arrive at a general statement of the first law of thermodynamics, giv-
ing a precise formulation of the equivalence between heat and work.
In addition, we use the proposed augmented nonlinear compartmen-
tal dynamical system model in conjunction with a Carnot-like cycle
analysis to show the equivalence between the classical Kelvin-Planck
and Clausius postulates of the second law of thermodynamics. In
Chapter 6, we specialize the results of Chapter 3 to thermodynamic
systems with linear energy exchange.

In Chapter 7, we extend the results of Chapter 3 to continuum ther-
modynamic systems, wherein the subsystems are uniformly distrib-
uted over an n-dimensional (not necessarily Euclidean) space. Specifi-
cally, we develop a nonlinear distributed parameter model wherein the
system energy is modeled by a diffusion (conservation) equation in the
form of a parabolic partial differential equation. Energy equipartition
and semistability are shown using the well-known Sobolev embedding
theorems and the notion of generalized (or weak) solutions. This ex-
position shows that the behavior of heat, as described by the equations
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of thermal transport and as described by classical thermodynamics,
is derivable from the same principles and is part of the same scientific
discipline, and thus provides a unification between Fourier’s theory
of heat conduction and classical thermodynamics. Finally, we draw
conclusions in Chapter 8.



Chapter Two

Dynamical System Theory

2.1 Notation, Definitions, and Mathematical Preliminaries

As discussed in Chapter 1, in this monograph we develop thermo-
dynamic system models using large-scale nonlinear compartmental
dynamical systems. The mathematical foundation for compartmen-
tal modeling is nonnegative dynamical system theory [47, 90], which
involves dynamical systems with nonnegative state variables. Since
our thermodynamic state equations govern energy flow between sub-
systems, it follows from physical arguments that system energy initial
conditions give rise to trajectories that remain in the nonnegative or-
thant of the state space. In this chapter we introduce notation, several
definitions, and some key results on nonlinear nonnegative dynamical
systems needed for developing the main results of this monograph.

The notation used in this monograph is fairly standard. Specifically,
R denotes the set of real numbers, Z+ denotes the set of nonnegative
integers, Z+ denotes the set of positive integers, R

n denotes the set
of n × 1 column vectors, (·)T denotes transpose, (·)# denotes group
generalized inverse, and In or I denotes the n×n identity matrix. For
v ∈ R

q we write v ≥≥ 0 (respectively, v >> 0) to indicate that every
component of v is nonnegative (respectively, positive). In this case
we say that v is nonnegative or positive, respectively. Let R

q
+ and R

q
+

denote the nonnegative and positive orthants of R
q, that is, if v ∈ R

q,
then v ∈ R

q
+ and v ∈ R

q
+ are equivalent, respectively, to v ≥≥ 0 and

v >> 0. Furthermore, we denote the boundary, the interior, and the

closure of the set S by ∂S,
◦
S, and S, respectively.

We write ‖ · ‖ for the Euclidean vector norm, ‖ · ‖B for the opera-
tor norm of an element in a Banach space B, R(M) and N (M) for
the range space and the null space of a matrix M , spec(M) for the
spectrum of the square matrix M , and ind(M) for the index of M
(that is, the size of the largest Jordan block of M associated with
λ = 0, where λ ∈ spec(M)). Furthermore, we write V ′(x) for the
Fréchet derivative of V at x, Bε(α), α ∈ R

n, ε > 0, for the open ball
centered at α with radius ε, M ≥ 0 (respectively, M > 0) to denote
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the fact that the Hermitian matrix M is nonnegative (respectively,
positive) definite, inf to denote infimum (that is, the greatest lower
bound), sup to denote supremum (that is, the least upper bound),
and x(t) → M as t → ∞ to denote that x(t) approaches the set M
(that is, for each ε > 0 there exists T > 0 such that dist(x(t),M) < ε
for all t > T , where dist(p,M) � infx∈M ‖p − x‖B). Finally, the no-
tions of openness, convergence, continuity, and compactness that we
use throughout the monograph refer to the topology generated on R

q
+

(respectively, B) by the norm ‖ · ‖ (respectively, ‖ · ‖B).
The following definition introduces the notion of Z-, M -, essentially

nonnegative, compartmental, and nonnegative matrices.

Definition 2.1 ([6, 10,48]) Let W ∈ R
q×q. W is a Z-matrix if

W(i,j) ≤ 0, i, j = 1, . . . , q, i �= j, where W(i,j) denotes the (i, j)th en-
try of W . W is an M -matrix (respectively, a nonsingular M -matrix)
if W is a Z-matrix and all the principal minors of W are nonnega-
tive (respectively, positive). W is essentially nonnegative if −W is a
Z-matrix, that is, W(i,j) ≥ 0, i, j = 1, . . . , q, i �= j. W is compartmen-
tal if W is essentially nonnegative and

∑q
i=1 W(i,j) ≤ 0, j = 1, ..., q.

Finally, W is nonnegative1 (respectively, positive) if W(i,j) ≥ 0 (re-
spectively, W(i,j) > 0), i, j = 1, . . . , q.

The following definition introduces the notion of essentially non-
negative functions [8, 47].

Definition 2.2 Let w = [w1, ..., wq]
T : V → R

q, where V is an open

subset of R
q that contains R

q
+. Then w is essentially nonnegative if

wi(z) ≥ 0 for all i = 1, . . . , q and z ∈ R
q
+ such that zi = 0, where zi

denotes the ith component of z.

Note that if w(z) = Wz, where W ∈ R
q×q, then w(·) is essentially

nonnegative if and only if W is an essentially nonnegative matrix. For
the following result we consider the nonlinear dynamical system

ż(t) = w(z(t)), z(t0) = z0, t ∈ Iz0
, (2.1)

where z(t) ∈ D ⊆ R
q, t ∈ Iz0

, is the system state vector, D is an
open subset of R

q, w : D → R
q is locally Lipschitz continuous on D,

and Iz0
= [t0, τz0

), t0 < τz0
≤ ∞, is the maximal interval of existence

for the solution z(·) of (2.1). A function z : Iz0
→ D is said to be a

1In this monograph it is important to distinguish between a square nonnegative
(respectively, positive) matrix and a nonnegative-definite (respectively, positive-
definite) matrix.
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solution to (2.1) on the interval Iz0
⊆ [t0,∞) with initial condition

z(t0) = z0 if and only if z(t) satisfies (2.1) for all t ∈ Iz0
. Recall

that the point ze ∈ D is an equilibrium point of (2.1) if and only if
w(ze) = 0. Furthermore, a subset Dc ⊆ D is an invariant set with
respect to (2.1) if and only if z(t0) ∈ Dc implies that z(t) ∈ Dc for all
t ∈ Iz0

⊂ R. Finally, recall that if all solutions to (2.1) are bounded,
then it follows from the Peano-Cauchy theorem [50, pp. 16, 17] that
Iz0

= R.

Proposition 2.1 Suppose R
q
+ ⊂ V. Then R

q
+ is an invariant set with

respect to (2.1) if and only if w : V → R
q is essentially nonnegative.

Proof. Define dist(z, R
q
+)

�

= infy∈R
q
+
‖z−y‖, z ∈ R

q. Now, suppose

w : V → R
q is essentially nonnegative and let z ∈ R

q
+. For every i ∈

{1, . . . , q} such that zi = 0, it follows that zi+hwi(z) = hwi(z) ≥ 0 for
h ≥ 0, while for every i ∈ {1, . . . , q} such that zi > 0, zi + hwi(z) > 0
for sufficiently small |h|. Thus, z + hw(z) ∈ R

q
+ for all sufficiently

small h > 0, and hence limh→0+ dist(z + hw(z), R
q
+)/h = 0. It now

follows from Theorem 4.1.28 of [1], with z(t0) = z, that z(t) ∈ R
q
+ for

all t ∈ Iz0
.

Conversely, suppose z(t0) = z ∈ R
q
+ and assume, ad absurdum,

that there exists i ∈ {1, . . . , q} such that zi = 0 and wi(z) < 0. Then
it follows from continuity that there exists sufficiently small h > 0
such that wi(z(t)) < 0 for all t ∈ [t0, t0 + h). Hence, zi(t) is strictly
decreasing, and thus, z(t) �∈ R

q
+ for all t ∈ (t0, t0 + h), which leads to

a contradiction.

If w(z) = Wz, where W ∈ R
q×q, the solution to (2.1) is standard

and is given by z(t) = eWtz(0), t ≥ 0. The following corollary to
Proposition 2.1 is immediate.

Corollary 2.1 Let W ∈ R
q×q. Then W is essentially nonnegative if

and only if eWt is nonnegative for all t ≥ 0.

Proof. The proof is a direct consequence of Proposition 2.1 with
w(z) = Wz. The proof can also be shown using basic matrix math-
ematics [10]. Specifically, if W is essentially nonnegative, then there

exists sufficiently large α > 0 such that Wα
�

= W +αI is nonnegative.
Hence, eWαt = e(W+αI)t ≥≥ 0, t ≥ 0, and thus eWt = e−αteWαt ≥≥ 0,
t ≥ 0.

Conversely, suppose eWt ≥≥ 0, t ≥ 0, and assume, ad absurdum,
there exist i, j such that i �= j and W(i,j) < 0. Now, since eWt =
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∑∞
k=0(k!)−1W ktk, it follows that

[eWt](i,j) = I(i,j) + tW(i,j) + O(t2). (2.2)

Thus, as t → 0 and i �= j, it follows that [eWt](i,j) < 0 for some t suffi-
ciently small, which leads to a contradiction. Hence, W is essentially
nonnegative.

It follows from Proposition 2.1 that if z0 ≥≥ 0, then z(t) ≥≥ 0, t ≥
t0, if and only if w(·) is essentially nonnegative. In this case, we say
that (2.1) is a nonnegative dynamical system.

2.2 Stability Theory for Nonnegative Dynamical Systems

One of the main contributions of this monograph is the connection
of ectropy and entropy to the stability properties of thermodynamic
processes. System stability is characterized by analyzing the response
of a dynamical system to small perturbations in the system states.
Specifically, an equilibrium point of a dynamical system is said to be
stable or Lyapunov stable if, for small values of initial disturbances, the
perturbed system motion remains in an arbitrarily prescribed small
region of the state space. More precisely, stability is equivalent to con-
tinuity of solutions as a function of the system initial conditions over
a neighborhood of the equilibrium point uniformly in time. If, in ad-
dition, all solutions of the dynamical system approach the equilibrium
point for large values of time, then the equilibrium point is said to be
asymptotically stable. In this monograph we apply Lyapunov meth-
ods [14,56] to show that our thermodynamically consistent large-scale
dynamical system is semistable, that is, system trajectories converge
to Lyapunov stable equilibrium states that depend upon the system
initial conditions.2

In this section, we establish key stability results for nonlinear non-
negative dynamical systems. Since the proofs of these results are
virtually identical to the standard stability proofs for nonlinear dy-
namical systems, they are not presented here. In particular, standard
Lyapunov stability theorems and invariant set theorems for nonlinear
dynamical systems [56] can be used directly for nonnegative dynam-
ical systems with the required sufficient conditions verified on R

q
+.

2The concept of semistability involves a stability notion that lies perfectly be-
tween Lyapunov stability and asymptotic stability, and is vital in addressing the
stability of systems having a continuum of equilibria [12,13].
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The following definition introduces several types of stability for the
nonnegative dynamical system (2.1) with Iz0

= [t0,∞).

Definition 2.3 The equilibrium solution z(t) ≡ ze of (2.1) is Lya-
punov stable if, for every ε > 0, there exists δ = δ(ε) > 0 such that
if z0 ∈ Bδ(ze) ∩ R

q
+, then z(t) ∈ Bε(ze) ∩ R

q
+, t ≥ t0. The equilibrium

solution z(t) ≡ ze of (2.1) is semistable if it is Lyapunov stable and
there exists δ > 0 such that if z0 ∈ Bδ(ze) ∩ R

q
+, then limt→∞ z(t)

exists and corresponds to a Lyapunov stable equilibrium point. The
equilibrium solution z(t) ≡ ze of (2.1) is asymptotically stable if it is
Lyapunov stable and there exists δ > 0 such that if z0 ∈ Bδ(ze) ∩ R

q
+,

then limt→∞ z(t) = ze. Finally, the equilibrium solution z(t) ≡ ze of
(2.1) is globally asymptotically stable if the previous statement holds
for all z0 ∈ R

q
+.

Recall that a square matrix W ∈ R
q×q is semistable if and only

if limt→∞ eWt exists [10, 47], while W is asymptotically stable if and
only if limt→∞ eWt = 0. The following result, known as Lyapunov’s
direct method, gives sufficient conditions for Lyapunov and asymp-
totic stability of a nonlinear nonnegative dynamical system. For this
result let V : D → R be a continuously differentiable function with
derivative along the trajectories of (2.1) given by V̇ (z) � V ′(z)w(z).
Note that V̇ (z) is dependent on the system dynamics (2.1). Since,
using the chain rule,

V̇ (z) =
d

dt
V (s(t, z))

∣
∣
∣
∣
t=t0

= V ′(z)w(z), (2.3)

where s(·, z0) denotes the solution to (2.1) with initial condition z(t0) =
z0, it follows that if V̇ (z) is negative, then V (z) decreases along the
solutions s(t, z) of (2.1) through z ∈ D at t = t0.

Theorem 2.1 Let D be an open subset of R
q that contains R

q
+. Con-

sider the nonlinear nonnegative dynamical system (2.1) and assume
that there exists a continuously differentiable function V : D → R

such that

V (ze) = 0, (2.4)

V (z) > 0, z ∈ D, z �= ze, (2.5)

V ′(z)w(z)≤ 0, z ∈ D, (2.6)

where ze ∈ R
q
+ is an equilibrium point of (2.1). Then the equilibrium

solution z(t) ≡ ze to (2.1) is Lyapunov stable. If, in addition,

V ′(z)w(z) < 0, z ∈ D, z �= ze, (2.7)
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then the equilibrium solution z(t) ≡ ze to (2.1) is asymptotically sta-
ble.

A continuously differentiable function V (·) satisfying (2.4) and (2.5)
is called a Lyapunov function candidate for the nonlinear nonnegative
dynamical system (2.1). If, additionally, V (·) satisfies (2.6), then V (·)
is called a Lyapunov function for the nonlinear nonnegative dynamical
system (2.1). In light of the conditions (2.4)–(2.7), V (·) can be re-
garded as a generalized energy function for the nonlinear nonnegative
dynamical system (2.1).

Next, we state a global asymptotic stability theorem for (2.1). First,
however, recall that a function V : R

q
+ → R satisfying

V (z) → ∞ as ‖z‖ → ∞ (2.8)

is called proper or radially unbounded.

Theorem 2.2 Consider the nonlinear nonnegative dynamical system
(2.1) and assume there exists a continuously differentiable function
V : R

q
+ → R such that

V (ze) = 0, (2.9)

V (z) > 0, z ∈ R
q
+, z �= ze, (2.10)

V ′(z)w(z) < 0, z ∈ R
q
+, z �= ze, (2.11)

V (z)→∞ as ‖z‖ → ∞, (2.12)

where ze ∈ R
q
+ is an equilibrium point of (2.1). Then the equilibrium

solution z(t) ≡ ze to (2.1) is globally asymptotically stable.

Note that the radial unboundedness condition (2.12) assures that
the constant energy surfaces, or level sets, V (z) = α, α > 0, are closed
curves, and hence, since the system trajectories move from one energy
surface to an inner energy surface, the system trajectories cannot drift
away from the system equilibrium. The Lyapunov function is thus
decreasing with the dynamics of the system, that is, the trajectories
of the dynamical system cut the level sets of the Lyapunov function.

Next, we introduce the Krasovskii-LaSalle invariant set theorem to
relax one of the conditions on the Lyapunov function V (·) in Theorems
2.1 and 2.2. In particular, the strict negative definiteness condition on
the Lyapunov derivative can be relaxed while assuring system asymp-
totic stability. Specifically, if a continuously differentiable function
defined on a compact invariant set (in D) with respect to the non-
linear nonnegative dynamical system (2.1) can be constructed whose
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derivative along the system’s trajectories is negative semidefinite and
no system trajectories can stay indefinitely at points where the func-
tion’s derivative vanishes, then the system’s equilibrium point is as-
ymptotically stable. This result follows from the Krasovskii-LaSalle
invariant set theorem for nonlinear nonnegative dynamical systems,
which we now state.

Theorem 2.3 Consider the nonlinear nonnegative dynamical system
(2.1), assume Dc ⊂ D is a compact invariant set with respect to
(2.1), and assume there exists a continuously differentiable function
V : Dc → R such that V ′(z)w(z) ≤ 0, z ∈ Dc. Let R � {z ∈ Dc :
V ′(z)w(z) = 0}, and let M be the largest invariant set contained in
R. If z(t0) ∈ Dc, then z(t) → M as t → ∞.

The next result is a direct consequence of Theorem 2.3 and does
not require the existence of a compact invariant set Dc ⊂ D with
respect to (2.1). In particular, if the solutions to (2.1) are bounded
for all initial conditions in R

q
+, then, with Dc = R

q
+, it follows from

Theorem 2.3 that attraction to M is guaranteed globally.

Corollary 2.2 Consider the nonlinear nonnegative dynamical system
(2.1), assume that the solutions to (2.1) are bounded for all initial
conditions z(t0) ∈ R

q
+, and assume there exists a continuously differ-

entiable function V : R
q
+ → R such that V ′(z)w(z) ≤ 0, z ∈ R

q
+. Let

R � {z ∈ R
q
+ : V ′(z)w(z) = 0}, and let M be the largest invariant

set contained in R. If z(t0) ∈ R
q
+, then z(t) → M as t → ∞.

Next, using Theorem 2.3 we provide a generalization of Theorem
2.1 for local asymptotic stability of a nonlinear nonnegative dynamical
system. For this result, recall that if the equilibrium solution z(t) ≡ ze

to (2.1) is asymptotically stable, then the domain of attraction DA ⊆
D of (2.1) is given by

DA � {z0 ∈ D : if z(t0) = z0, then limt→∞z(t) = ze}. (2.13)

Corollary 2.3 Consider the nonlinear nonnegative dynamical system
(2.1), assume Dc ⊂ D is a compact invariant set with respect to (2.1)
such that ze ∈ Dc is an equilibrium point of (2.1), and assume that
there exists a continuously differentiable function V : Dc → R such
that V (ze) = 0, V (z) > 0, z �= ze, and V ′(z)w(z) ≤ 0, z ∈ Dc.
Furthermore, assume that the set R � {z ∈ Dc: V ′(z)w(z) = 0}
contains no invariant set other than the set {ze}. Then the equilibrium
solution z(t) ≡ ze to (2.1) is asymptotically stable, and Dc is a subset
of the domain of attraction of (2.1).
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Finally, we present a global invariant set theorem for guarantee-
ing global asymptotic stability of a nonlinear nonnegative dynamical
system.

Theorem 2.4 Consider the nonlinear nonnegative dynamical system
(2.1) and assume there exists a continuously differentiable function
V : R

q
+ → R such that

V (ze) = 0, (2.14)

V (z) > 0, z ∈ R
q
+, z �= ze, (2.15)

V ′(z)w(z) ≤ 0, z ∈ R
q
+, (2.16)

V (z)→∞ as ‖z‖ → ∞, (2.17)

where ze ∈ R
q
+ is an equilibrium point of (2.1). Furthermore, assume

that the set R � {z ∈ R
q
+: V ′(z)w(z) = 0} contains no invariant set

other than the set {ze}. Then the equilibrium solution z(t) ≡ ze to
(2.1) is globally asymptotically stable.

In the remainder of this section, we discuss dynamical systems de-
fined on Banach spaces and present some of the key results on in-
variant set stability theorems for infinite-dimensional dynamical sys-
tems. For infinite-dimensional systems, Lyapunov stability theorems
are similar to the Lyapunov theorems just presented with the required
conditions verified on the Banach space B [14]. However, since norms
are not equivalent in infinite-dimensional spaces, Lyapunov, semi-,
and asymptotic stability are obtained with respect to a specific norm
‖ · ‖B defined on B.

Definition 2.4 Let B be a Banach space with norm ‖ ·‖B. A dynam-
ical system on B is the triple (B, [t0,∞), s), where s : [t0,∞)×B → B
is such that the following axioms hold:

i) (Continuity): s(·, ·) is jointly continuous.

ii) (Consistency): s(t0, z0) = z0 for all t0 ∈ R and z0 ∈ B.

iii) (Semigroup property): s(t + τ, z0) = s(τ, s(t, z0)) for all z0 ∈ B
and t, τ ∈ [t0,∞).

The above definition of a dynamical system can be generalized to in-
clude external system disturbances u(·) ∈ U , where U is an input space
consisting of bounded continuous U ⊆ R

m-valued functions on [t0,∞).
In this case, the dynamical system on B is defined by the pentuple (B,
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U , [t0,∞), s, h), where s : [t0,∞) × B × U → B and h : B × U → Y
defines a memoryless read-out map y(t) = h(s(t, z0, u), u(t)) for all
z0 ∈ B, u(·) ∈ U , and t ∈ [t0,∞). Here, y(·) ∈ Y, where Y denotes an
output space and y(t) belongs to the fixed set Y ⊆ R

l for all t ≥ t0.
In this case, to assure causality of the dynamical system one needs to
invoke an additional axiom (determinism axiom), which assures that
the state, and hence the output, of the dynamical system before some
time τ are not influenced by the values of the output after time τ .
For further details see Definition 2.7.

Henceforth, we denote the dynamical system (B, [t0,∞), s) by G and
we refer to the map s(·, ·) as the flow or trajectory of G corresponding
to z0 ∈ B, and for a given s(t, z0), t ≥ t0, we refer to z0 ∈ B as an
initial condition of G. Given t ∈ R we denote the map s(t, ·) : B → B
by st(z0). Hence, for a fixed t ∈ R the set of mappings defined by
st(z0) = s(t, z0) for every z0 ∈ B gives the flow of G. In particular,
if B0 is a collection of initial conditions such that B0 ⊂ B, then the
flow st : B0 → B is the motion of all points z0 ∈ B0 or, equivalently,
the image of B0 ⊂ B under the flow st, that is, st(B0) ⊂ B, where
st(B0) � {y : y = st(z0) for all z0 ∈ B0}. Alternatively, if the initial
condition z0 ∈ B is fixed and we let [t0, t1] ⊂ R, then the mapping
s(·, z0) : [t0, t1] → B defines the solution curve or trajectory of the
dynamical system G. Hence, the mapping s(·, z0) generates a graph
in [t0, t1] × B identifying the trajectory corresponding to the motion
along a curve through the point z0 in a subset B of the state space.
Given z ∈ B, we denote the map s(·, z) : R → B by sz(t). Finally, we
define a positive orbit through the point z0 ∈ B as the motion along
the curve

O+
z0

�

= {z ∈ B : z = s(t, z0), t ≥ t0}. (2.18)

Definition 2.5 Let G be a dynamical system defined on B. A point
p ∈ B is a positive limit point of the trajectory s(·, z) if there exists
a monotonic sequence {tn}

∞
n=0 of nonnegative numbers, with tn → ∞

as n → ∞, such that s(tn, z) → p as n → ∞. The set of all positive
limit points of s(t, z), t ≥ t0, is the positive limit set ω(z) of G.

In the mathematical literature, the positive limit set is often referred
to as the ω-limit set. Note that if p ∈ B is a positive limit point of
the trajectory s(·, z), then for all ε > 0 and finite time T > 0 there
exists t > T such that ‖s(t, z) − p‖B < ε. This follows from the fact
that ‖s(t, z)− p‖B < ε for all ε > 0, and some t > T > 0 is equivalent
to the existence of a sequence {tn}

∞
n=0, with tn → ∞ as n → ∞, such

that s(tn, z) → p as n → ∞.
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Definition 2.6 A set M ⊂ B is a positively invariant set with re-
spect to the dynamical system G if st(M) ⊆ M for all t ≥ t0, where

st(M)
�

= {st(z) : z ∈ M} and st(z) � s(t, z), z ∈ B, t ≥ t0. A set
M ⊆ B is an invariant set with respect to the dynamical system G if
st(M) = M for all t ∈ [t0,∞).

Next, we state a key proposition involving positive limit sets for the
infinite-dimensional dynamical system G.

Proposition 2.2 ([49]) Let G be a dynamical system defined on B
and suppose that the positive orbit O+

z through z of G belongs to a
compact subset of B. Then the positive limit set ω(z) of O+

z is a
nonempty, compact, connected invariant set.

The following result presents an extension of the Krasovskii-LaSalle
invariant set theorem (Theorem 2.3) to infinite-dimensional dynamical
systems. This result holds for undisturbed dynamical systems (i.e.,
u(t) ≡ 0), as well as for disturbed dynamical systems wherein the
input space consists of one constant element only, that is, u(t) ≡ u∗.
For the statement of this result, define

V̇ (z) � lim
h→0+

1

h
[V (s(t0 + h, z)) − V (z)], z ∈ B, (2.19)

for a given continuous function V : B → R and for every z ∈ B such
that the limit in (2.19) exists.

Theorem 2.5 ([49]) Consider a dynamical system G defined on a
Banach space B. Let Bc ⊂ B be a closed set, and assume there exists
a continuous function V : Bc → R such that V̇ (z) ≤ 0, z ∈ Bc. Fur-

thermore, let R
�

= {z ∈ Bc : V̇ (z) = 0}, and let M denote the largest
invariant set (with respect to the dynamical system G) contained in
R. Then for every z0 ∈ Bc such that O+

z0
⊂ Bc and O+

z0
is contained

in a compact subset of B, s(t, z0) → M as t → ∞.

In order to apply Theorem 2.5, one needs to show that the positive
orbit O+

z0
of G is contained in a compact subset of B. Even though for

finite-dimensional systems this is a direct consequence of boundedness
of solutions, for infinite-dimensional systems local boundedness of an
orbit of G does not ensure that the orbit belongs to a compact subset
of B. In light of this, we have the following result. For the statement
of this result, let B and C be Banach spaces and recall that B is
compactly embedded in C if B ⊂ C and a unit ball in B belongs to a
compact subset in C.
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Theorem 2.6 ([49]) Let B and C be Banach spaces such that B is
compactly embedded in C, and let G be a dynamical system defined on
B and C. Assume there exist continuous functions VB : B → R and
VC : C → R such that V̇B(z) ≤ 0, z ∈ Bc, and V̇C(z) ≤ 0, z ∈ Cc, where
Bc = {z ∈ B : VB(z) < η} and Cc = {z ∈ C : VC(z) < η} for some
η > 0 such that Bc ⊂ Cc. If Bc is bounded, then for every z0 ∈ Bc,
s(t, z0) → M in C as t → ∞, where M denotes the largest invariant
set contained in R given by

R = {z ∈ Cc : V̇C(z) = 0}. (2.20)

Theorem 2.6 can also be used to establish existence (in t) of (gener-
alized) solutions of infinite-dimensional dynamical systems G over the
semi-infinite interval [t0,∞). In particular, global existence can be
obtained by constructing a Lyapunov function V : B → R and invok-
ing the continuation Peano-Cauchy theorem to obtain a dynamical
system G of a subset B of the space C. For further details see [49].

2.3 Reversibility, Irreversibility, Recoverability, and

Irrecoverability

The notions of reversibility, irreversibility, recoverability, and irrecov-
erability all play a crucial role in thermodynamic processes. In this
section we define the notions of R-state reversibility, state reversibility,
and state recoverability of a dynamical system G. R-state reversibil-
ity concerns the existence of a system state with the property that
a transformed system trajectory through an involution operator R is
an image of a given system trajectory of G on a specified finite time
interval. State reversibility concerns the existence of a system state
with the property that the resulting system trajectory is the time-
reversed image of a given system trajectory of G on a specified finite
time interval. Finally, state recoverability concerns the existence of a
system state with the property that the resulting system trajectory
completely recovers the initial state of the dynamical system over a
finite time interval.

To establish the notions of (ir)reversibility and (ir)recoverability
of a dynamical system G defined on a Banach space B, we require a
generalization of Definition 2.4. For this definition, U is an input space
and consists of bounded continuous U -valued functions on [0,∞). The
set U ⊆ R

m contains the set of input values, that is, at any time
t ≥ t0, u(t) ∈ U . The space U is assumed to be closed under the
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shift operator, that is, if u ∈ U , then the function uT defined by
uT (t) � u(t + T ) is contained in U for all T ≥ 0. Furthermore, Y
is an output space and consists of continuous Y -valued functions on
[0,∞). The set Y ⊆ R

l contains the set of output values, that is, each
value of y(t) ∈ Y , t ≥ t0. The space Y is assumed to be closed under
the shift operator, that is, if y ∈ Y, then the function yT defined by
yT (t) � y(t + T ) is contained in Y for all T ≥ 0.

Definition 2.7 Let B be a Banach space with norm ‖ · ‖B. A dy-
namical system on B is the octuple (B,U , U,Y, Y, [0,∞), s, h), where
s : [0,∞)×B×U → B and h : B×U → Y are such that the following
axioms hold:

i) (Continuity): s(·, ·, u) is jointly continuous for all u ∈ U .

ii) (Consistency): s(t0, z0, u) = z0 for all t0 ∈ R, z0 ∈ B, and
u ∈ U .

iii) (Determinism): s(t, z0, u1) = s(t, z0, u2) for all t ∈ [t0,∞), z0 ∈
B, and u1, u2 ∈ U satisfying u1(τ) = u2(τ), τ ≤ t.

iv) (Semi-group property): s(τ, s(t, z0, u), u) = s(t + τ, z0, u) for all
z0 ∈ B, u ∈ U , and τ , t ∈ [t0,∞).

v) (Read-out map): There exists y ∈ Y such that y(t) = h(s(t, z0,
u), u(t)) for all z0 ∈ B, u ∈ U , and t ≥ t0.

As in Section 2.2, we denote the dynamical system (B,U , U,Y, Y,
[0,∞), s, h) by G. In general, the output of G depends on both the
present input of G and the past history of G. Hence, the output at
some time t1 depends on the state s(t1, z0, u) of G, which effectively
serves as an information storage (memory) of past history. Further-
more, the determinism axiom assures that the state and thus the out-
put before some time t1 are not influenced by the values of the output
after time t1. Hence, future inputs to G do not effect past and present
outputs of G. This is simply a statement of causality that holds for
all physical systems. Finally, we note that the read-out map is mem-
oryless in the sense that outputs only depend on the instantaneous
(present) values of the state and input.

For the next set of definitions the following notation is needed. For
a given interval [t0, t1], where 0 ≤ t0 < t1 < ∞, let W[t0,t1] denote the
set of all possible trajectories of G given by

W[t0,t1]
�

= {sz : [t0, t1] × U → B : sz(·, u(·)) satisfies Axioms i) − iv)

of Definition 2.7, z ∈ B, and u(·) ∈ U}, (2.21)
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where sz(·, u(·)) denotes the solution curve or trajectory of G for a
given fixed initial condition z ∈ B and input u(·) ∈ U .

Definition 2.8 Consider the dynamical system G defined on B. Let
R : B → B be an involutive operator (that is, R2 = IB, where IB
denotes the identity operator on B) and let sz(·, u(·)) ∈ W[t0,t1], where

u(·) ∈ U . The function s−z : [t0, t1]×U → B is an R-reversed trajec-
tory of sz(·, u(·)) if there exists an input u−(·) ∈ U and a continuous,
strictly increasing function τ : [t0, t1] → [t0, t1] such that τ(t0) = t0,
τ(t1) = t1, and

s−z(t, u−(t)) = Rsz(t0 + t1 − τ(t), u(t0 + t1 − τ(t))), t ∈ [t0, t1].

(2.22)

Definition 2.9 Consider the dynamical system G defined on B. Let
R : B → B be an involutive operator, let r : U × Y → R, and let
sz(·, u(·)) ∈ W[t0,t1], where u(·) ∈ U . sz(·, u(·)) is an R-reversible tra-

jectory of G if there exists an input u−(·) ∈ U such that s−z(·, u−(·)) ∈
W[t0,t1] and

∫ t1

t0

r(u(t), y(t))dt +

∫ t1

t0

r(u−(t), y−(t))dt = 0, (2.23)

where y−(·) denotes the read-out map for the R-reversed trajectory of
sz(·, u(·)). Furthermore, G is an R-state reversible dynamical system
if for every z ∈ B, sz(·, u(·)), where u(·) ∈ U , is an R-reversible
trajectory of G.

In classical mechanics, R is a transformation which reverses the sign
of all system momenta, whereas in classical reversible thermodynam-
ics R can be taken to be the identity operator. Note that if R = IB,
then sz(·, u(·)), where u(·) ∈ U , is an IB-reversible trajectory or, sim-
ply, sz(·, u(·)) is a reversible trajectory. Furthermore, we say that G
is a state reversible dynamical system if and only if for every z ∈ B,
sz(·, u(·)), where u(·) ∈ U , is a reversible trajectory of G. Note that
unlike state reversible systems, R-state reversible dynamical systems
need not retrace every stage of the original system trajectory in re-
verse order, nor is it necessary for the dynamical system to recover
the initial system state. The function r(u, y) in Definition 2.9 is a gen-
eralized power supply from the environment to the dynamical system
through the system’s input-output ports (u, y). Hence, (2.23) assures
that the total generalized energy supplied to the dynamical system G
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by the environment is returned to the environment over a given R-
reversible trajectory starting and ending at any given (not necessarily
the same) state z ∈ B. Furthermore, condition (2.23) assures that a
reversible process completely restores the original dynamic state of a
system and at the same time restores the energy supplied by the envi-
ronment back to its original condition. The following result provides
sufficient conditions for the existence of an R-reversible trajectory of
a dynamical system G, and hence, establishes sufficient conditions for
R-state reversibility of the dynamical system G.

Theorem 2.7 Consider the dynamical system G defined on B. Let
R : B → B be an involutive operator, and let sz(·, u(·)) ∈ W[t0,t1],
where u(·) ∈ U . Assume there exist a continuous function V : B → R

and a function r : U × Y → R such that V (z) = V (Rz), z ∈ B, and
for every z ∈ B and all t̂0, t̂1, t0 ≤ t̂0 < t̂1 ≤ t1,

V (sz(t̂1, u(t̂1)))≥V (sz(t̂0, u(t̂0))) +

∫ t̂1

t̂0

r(u(t), y(t))dt. (2.24)

Furthermore, assume there exists M ⊂ B such that for all t̂0, t̂1,
t0 ≤ t̂0 < t̂1 ≤ t1, and sz(t, u(t)) �∈ M, t ∈ [t̂0, t̂1], (2.24) holds as a
strict inequality. If sz(·, u(·)) is an R-reversible trajectory of G, then
sz(t, u(t)) ∈ M, t ∈ [t0, t1].

Proof. Let sz(·, u(·)) ∈ W[t0,t1], where u(·) ∈ U , be an R-reversible

trajectory of G so that there exists u−(·) ∈ U such that s−z(·, u−(·)) ∈
W[t0,t1]. Suppose, ad absurdum, there exists t ∈ [t0, t1] such that

sz(t, u(t)) �∈ M. Now, it follows that there exists an interval [t̂0, t̂1] ⊂
[t0, t1] such that for t0 ≤ t̂0 < t̂1 ≤ t1,

V (sz(t̂1, u(t̂1))) > V (sz(t̂0, u(t̂0))) +

∫ t̂1

t̂0

r(u(t), y(t))dt, (2.25)

which further implies that

V (sz(t1, u(t1))) > V (sz(t0, u(t0))) +

∫ t1

t0

r(u(t), y(t))dt. (2.26)

Next, since s−z(·, u−(·)) ∈ W[t0,t1], where u−(·) ∈ U , it follows that

V (s−z(t1, u
−(t1)))≥V (s−z(t0, u

−(t0))) +

∫ t1

t0

r(u−(t), y−(t))dt.

(2.27)
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Now, adding (2.26) and (2.27), using the definition of s−z(·, u−(·)),
using the fact that V (z) = V (Rz), z ∈ B, and using (2.23) yields

V (sz(t0, u(t0))) + V (sz(t1, u(t1))) > V (sz(t0, u(t0)))

+V (sz(t1, u(t1))), (2.28)

which is a contradiction. Hence, sz(t, u(t)) ∈ M, t ∈ [t0, t1].

It is important to note that since V : B → R in Theorem 2.7
is not sign definite, Theorem 2.7 also holds for the case where the
inequality in (2.24) is reversed. The following corollary to Theorem
2.7 is immediate.

Corollary 2.4 Consider the dynamical system G defined on B. Let
R : B → B be an involutive operator, let M ⊂ B, and let sz(·, u(·)) ∈
W[t0,t1], where u(·) ∈ U . Assume there exists a continuous function
V : B → R such that V (z) = V (Rz), z ∈ B, and for sz(t, u(t))
�∈ M, t ∈ [t1, t2], V (s(t, z0, u(·))) is a strictly increasing (respectively,
decreasing) function of time. If sz(·, u(·)) is an R-reversible trajectory
of G, then sz(t, u(t)) ∈ M, t ∈ [t0, t1].

Proof. The proof is a direct consequence of Theorem 2.7 with
r(u, y) ≡ 0 and the fact that Theorem 2.7 also holds for the case
when the inequality in (2.24) is reversed.

It follows from Corollary 2.4 that if, for a given dynamical system G,
there exists an R-reversible trajectory of G, then there does not exist
a function of the state of the system that strictly decreases or strictly
increases in time on any trajectory of G lying in M. In this case,
the existence of a completely ordered time set having a topological
structure involving a closed set homeomorphic to the real line cannot
be established. Such systems, which include lossless Newtonian and
Hamiltonian systems, are time-reversal symmetric and hence lack an
inherent time direction. As we see in Sections 3.5 and 5.1, that is not
the case with thermodynamic systems.

Next, we present a notion of state recoverability of a dynamical
system G.

Definition 2.10 Consider the dynamical system G defined on B. Let
r : U ×Y → R, and let sz(·, u(·)) ∈ W[t0,t1], where u(·) ∈ U . sz(·, u(·))
is a recoverable trajectory of G if there exists u−(·) ∈ U and t2 > t1
such that u− : [t1, t2] → U ,

s(t2, s
z(t1, u(t1)), u

−(t2)) = sz(t0, u(t0)), (2.29)
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and
∫ t1

t0

r(u(t), y(t))dt +

∫ t2

t1

r(u−(t), y−(t))dt = 0, (2.30)

where y−(·) denotes the read-out map for the trajectory s(·, sz(t1, u(t1)),
u−(·)). Furthermore, G is a state recoverable dynamical system if for
every z ∈ B, sz(·, u(·)) is a recoverable trajectory of G.

It follows from the definition of state recoverability that the way in
which the initial dynamical system state is restored may be chosen
freely so long as (2.30) is satisfied. Hence, unlike R-state reversibility,
it is not necessary for the dynamical system to recover the initial state
of the system through an involutive transformation of the system tra-
jectory. Furthermore, unlike state reversibility, it is not necessary for
the dynamical system to retrace every stage of the original trajectory
in the reverse order. However, condition (2.30) assures that the recov-
erable process completely restores the original dynamic state and at
the same time restores the energy supplied by the environment back
to its original condition. This notion of recoverability is closely related
to Planck’s notion of complete reversibility, wherein the initial system
state is restored in the totality of Nature (“die gesamte Natur”). The
following result provides a sufficient condition for the existence of a
recoverable trajectory of a dynamical system G, and hence, establishes
sufficient conditions for state recoverability of G.

Theorem 2.8 Consider the dynamical system G defined on B. Let
sz(·, u(·)) ∈ W[t0,t1], where u(·) ∈ U . Assume there exist a continuous
function V : B → R and a function r : U ×Y → R such that for every
z ∈ B and all t̂0, t̂1, t0 ≤ t̂0 < t̂1 ≤ t1,

V (sz(t̂1, u(t̂1)))≥V (sz(t̂0, u(t̂0))) +

∫ t̂1

t̂0

r(u(t), y(t))dt. (2.31)

Furthermore, assume there exists M ⊂ B such that for all t̂0, t̂1,
t0 ≤ t̂0 < t̂1 ≤ t1, and sz(t, u(t)) �∈ M, t ∈ [t̂0, t̂1], (2.31) holds as
a strict inequality. If sz(·, u(·)) is a recoverable trajectory of G, then
sz(t, u(t)) ∈ M, t ∈ [t0, t1].

Proof. Let sz(·, u(·)) ∈ W[t0,t1], where u(·) ∈ U , be a recover-

able trajectory of G so that there exist u−(·) ∈ U and t2 > t1 such
that s(t2, s

z(t1, u(t1)), u
−(t2)) = sz(t0, u(t0)). Suppose, ad absurdum,

there exists t ∈ [t0, t1] such that sz(t, u(t)) �∈ M. Now, it follows that
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there exists an interval [t̂0, t̂1] ⊂ [t0, t1] such that for t0 ≤ t̂0 < t̂1 ≤ t1,

V (sz(t̂1, u(t̂1))) >V (sz(t̂0, u(t̂0))) +

∫ t̂1

t̂0

r(u(t), y(t))dt, (2.32)

which further implies that

V (sz(t1, u(t1))) >V (sz(t0, u(t0))) +

∫ t1

t0

r(u(t), y(t))dt. (2.33)

Next, it follows from (2.31) with t2 > t1 that

V (s(t2, s
z(t1, u(t1)), u

−(t2)))≥V (s(t1, s
z(t1, u(t1)), u

−(t1)))

+

∫ t2

t1

r(u−(t), y−(t))dt. (2.34)

Now, adding (2.33) and (2.34), using the definition of s(t2, s
z(t1, u(t1),

u−(t2))), and using (2.30) yields

V (sz(t0, u(t0))) + V (sz(t1, u(t1))) > V (sz(t0, u(t0)))

+V (sz(t1, u(t1))), (2.35)

which is a contradiction. Hence, sz(t, u(t)) ∈ M, t ∈ [t0, t1].

The following corollary to Theorem 2.8 is immediate.

Corollary 2.5 Consider the dynamical system G defined on B. Let
M ⊂ B, and let sz(·, u(·)) ∈ W[t0,t1], where u(·) ∈ U . Assume there
exists a continuous function V : B → R such that for sz(t, u(t)) �∈
M, t ∈ [t0, t1], V (s(t, z0, u(·)) is a strictly increasing (respectively,
decreasing) function of time. If sz(·, u(·)) is a recoverable trajectory
of G, then sz(t, u(t)) ∈ M, t ∈ [t0, t1].

Proof. The proof is a direct consequence of Theorem 2.8 with
r(u, y) ≡ 0 and the fact that Theorem 2.8 also holds for the case
when the inequality in (2.31) is reversed.

As in the case of R-state reversibility and state reversibility, state
recoverability can be used to establish a connection between a dy-
namical system evolving on a manifold M ⊂ B and the arrow of time.
However, in the case of state recoverability, the recoverable dynami-
cal system trajectory need not involve an involutive transformation of
the system trajectory, nor is it required to retrace the original system
trajectory in recovering the original dynamic state. It should be noted
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here that state recoverability is not implied by the concepts of reach-
ability and controllability, which play a central role in control theory
(see Section 3.2). For example, one might envision, albeit with a con-
siderable stretch of the imagination, perfectly controlled inputs that
could reassemble a broken egg or even fuse water into solid cubes of
ice. However, in all such cases, an external source of energy from the
environment would be required to operate such an immaculate state
recoverable mechanism and would violate condition (2.30). Clearly,
state recoverability is a weaker notion than that of state reversibil-
ity since state reversibility implies state recoverability; the converse,
however, is not generally true. Conversely, state irrecoverability is a
logically stronger notion than state irreversibility since state irrecov-
erability implies state irreversibility. However, as we see in Chapter
3, these notions are equivalent for thermodynamic systems.

2.4 Reversible Dynamical Systems, Volume-Preserving Flows, and

Poincaré Recurrence

The notion of R-state reversibility introduced in Section 2.3 is one
of the fundamental symmetries that arise in natural science. This
notion can also be characterized by the flow of a dynamical system.
In particular, consider the dynamical system (2.1) given by

ż(t) = w(z(t)), z(t0) = z0, t ∈ Iz0
, (2.36)

where z(t) ∈ D ⊆ R
q, t ∈ Iz0

, is the system state vector, D is an
open subset of R

q, and w : D → R
q is locally Lipschitz continuous

on D. Since w(·) is locally Lipschitz continuous on D, it follows from
Theorem 3.1 of [50, p. 18] that there exists a unique solution to
(2.36). In this case, the semi-group property s(t+τ, z0) = s(t, s(τ, z0)),
t+τ, τ ∈ Iz0

and t ∈ Is(τ,z0), and the continuity of s(t, ·) on D, t ∈ Iz0
,

hold. Now, in terms of the flow st : D → D of (2.36), the consistency
and semi-group properties of (2.36) can be equivalently written as
st0(z0) = z0 and (sτ ◦ st)(z0) = sτ (st(z0)) = st+τ (z0), where “◦”
denotes the composition operator. Next, it follows from continuity of
solutions and the semi-group property that the map st : D → D is a
continuous function with a continuous inverse s−t. Thus, st, t ∈ Iz0

,
generates a one-parameter family of homeomorphisms on D forming
a commutative group under composition.

To show that R-state reversibility can be characterized by the flow
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of (2.36), let R : D → D be a continuous map of (2.36) such that

Ṙ(z(t)) = −w(R(z(t))), R(z(t0)) = R(z0), t ∈ IR(z0). (2.37)

Now, it follows from (2.37) that

R ◦ st = s−t ◦ R, t ∈ Iz0
. (2.38)

Condition (2.38), with R(·) satisfying (2.37), defines an R-reversed
trajectory of (2.36) in the sense of Definition 2.8 with τ(t) = t.

In the context of classical mechanics involving the configuration
manifold (space of generalized positions) Q = R

n, with governing
equations given by

q̇(t) =

(
∂H(q(t), p(t))

∂p(t)

)T

, q(t0) = q0, t ≥ t0, (2.39)

ṗ(t) =−

(
∂H(q(t), p(t))

∂q(t)

)T

, p(t0) = p0, (2.40)

where q ∈ R
n denotes generalized system positions, p ∈ R

n de-
notes generalized system momenta, H : R

n × R
n → R is the sys-

tem Hamiltonian given by H(q, p) � q̇Tp − L(q, q̇), L(q, q̇) is the sys-

tem Lagrangian,3 and p(q, q̇) �

(
∂L(q,q̇)

∂q̇

)T
, the reversing symmetry

R : R
n × R

n → R
n × R

n is such that R(q, p) = (q,−p) and satisfies
(2.37). In this case, R is an involution. This implies that if (q(t), p(t)),
t ≥ t0, is a solution to (2.39) and (2.40), then (q(−t),−p(−t)), t ≥ t0,
is also a solution to (2.39) and (2.40) with initial condition (q0,−p0).
In the configuration space this clearly shows the time reversal nature
of lossless mechanical systems.

Reversible dynamical systems tend to exhibit a phenomenon known
as Poincaré recurrence [4]. Poincaré recurrence states that if a dy-
namical system has a fixed total energy that restricts its dynamics to
bounded subsets of its state space, then the dynamical system will
eventually return arbitrarily close to its initial system state infinitely
often. More precisely, Poincaré [84] established the fact that if the
flow of a dynamical system preserves volume and has only bounded
orbits, then for each open set there exist orbits that intersect the set
infinitely often. In order to state the Poincaré recurrence theorem,
the following definitions are needed.

3Here we assume that the system Lagrangian is hyperregular [64] so that the
map from the generalized velocities q̇ to the generalized momenta p is bijective

(i.e., one-to-one and onto).
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Definition 2.11 Let V ⊂ R
q be a bounded set. The volume Vvol of

V is defined as

Vvol �

∫

V
dV. (2.41)

Definition 2.12 Let V ⊂ R
q be a bounded set. A map g : V → Q,

where Q ⊂ R
q, is volume-preserving if for any V0 ⊂ V, the volume of

g(V0) is equal to the volume of V0.

The following theorem, known as Liouville’s theorem [4], establishes
sufficient conditions for volume-preserving flows. For the statement
of this theorem, consider the nonlinear dynamical system (2.36) and
define the divergence of w = [w1, ..., wq]

T : D → R
q by

∇ · w(z) �

q∑

i=1

∂wi(z)

∂zi
, (2.42)

where ∇ denotes the nabla operator, “ · ” denotes the dot product in
R

q, and zi denotes the ith element of z.

Theorem 2.9 Consider the nonlinear dynamical system (2.36). If
∇·w(z) ≡ 0, then the flow st : D → D of (2.36) is volume-preserving.

Proof. Let V ⊂ R
q be a compact set such that its image at time t

under the mapping st(·) is given by st(V). In addition, let dSV denote
an infinitesimal surface element of the boundary of the set V and let
n̂(z), z ∈ ∂V, denote an outward normal vector to the boundary of V.
Then the change in volume of st(V) at t = t0 is given by

dst(V)vol =

∫

∂V
(w(z) · n̂(z))dtdSV , (2.43)

which, using divergence theorem, implies that

dst(V)vol

dt

∣
∣
∣
∣
t=t0

=

∫

∂V
(w(z) · n̂(z))dSV =

∫

V
∇ · w(z)dV. (2.44)

Hence, if ∇ · w(z) ≡ 0, then st(·) is a volume-preserving map.

Volume preservation is the key conservation law underlying statis-
tical mechanics. The flows of volume-preserving dynamical systems
belong to one of the Lie pseudogroups4 of diffeomorphisms. These

4A Lie group is a topological group that can be given an analytic structure
such that the group operation and inversion are analytic. A Lie pseudogroup is an
infinite dimensional counterpart of a Lie group.
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systems arise in incompressible fluid dynamics, classical mechanics,
and acoustics. Next, we state the well known Poincaré recurrence
theorem. For this result, let g(n)(z), n ∈ Z+, denote the n-time com-
position operator of g(z) with itself and define g(0)(z) � z.

Theorem 2.10 Let D ⊂ R
q be an open bounded set, and let g : D →

D be a continuous, volume-preserving bijective (one-to-one and onto)
map. Then for every open set N ⊂ D, there exists n ∈ Z+ such that
g(n)(N ) ∩ N �= Ø. Furthermore, there exists a point z ∈ N which
returns to N , that is, g(n)(z) ∈ N for some n ∈ Z+.

Proof. The proof of this result is standard; see for example [4, p.
72]. For completeness of exposition, however, we provide a proof here.
First, note that the images g(p)(N ), p ∈ Z+, under the mapping g(·) of
the neighborhood N ⊂ D have the same volume and are all contained
in D. Next, define the union of all the images of N by

V �

∞⋃

p=0

g(p)(N ) ⊂ D. (2.45)

Since the volume of a union of disjoint sets is the sum of the individual
set volumes, it follows that if g(p)(N ), p ∈ Z+, are disjoint, then Vvol =
∞. However, V ⊂ D and D is a bounded set by assumption. Hence,
there exist k, l ∈ Z+, with k > l, such that g(k)(N ) ∩ g(l)(N ) �= Ø.
Now, applying the inverse g(−1) to this relation l times and using the
fact that g(·) is a bijective map, it follows that g(k−l)(N ) ∩ N �= Ø.
Thus, g(n)(N )∩N �= Ø, where n = k − l. Hence, there exists a point
z ∈ N such that g(n)(z) ∈ g(n)(N ) ∩N ⊆ N .

The next result establishes the existence of a point z in D ⊂ R
q such

that limi→∞ g(ni)(z) = z for some sequence {ni}∞i=1, with ni → ∞
as i → ∞, under a continuous, volume-preserving bijective mapping
g(·) which maps a bounded region D of a Euclidian space onto itself.
Hence, z returns infinitely often to any open neighborhood of itself
under the mapping g(·).

Theorem 2.11 Let D ⊂ R
q be an open bounded set, and let g :

D → D be a continuous, volume-preserving bijective map. Then for
every open neighborhood N ⊂ D, there exists a point z ∈ N such
that limi→∞ g(ni)(z) = z for some sequence {ni}

∞
i=1, with ni → ∞

as i → ∞. Hence, z ∈ N returns to N infinitely often, that is,
there exists a sequence {ni}

∞
i=1, with ni → ∞ as i → ∞, such that

g(ni)(z) ∈ N for all i ∈ Z+.
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Proof. Let N ⊂ D be an open set, and let N1 � Bδ1(x1) be such
that N 1 ⊂ N for some δ1 > 0 and x1 ∈ N . Applying Theorem 2.10,
with g(·) replaced by g(−1)(·), it follows that there exists n1 ∈ Z+ such
that g(−n1)(N1) ∩ N1 �= Ø, which implies that g(−n1)(N 1) ∩ N 1 �= Ø.
Now, let N2 = Bδ2(x2) be such that N 2 ⊂ g(−n1)(N1) ∩ N1 for some
δ2 > 0 and x2 ∈ g(−n1)(N1) ∩ N1. Repeating the above arguments it
follows that there exists n2 ∈ Z+, n2 > n1, such that g(−n2)(N2) ∩
N2 �= Ø and g(−n2)(N 2)∩N 2 �= Ø. Repeating this process recursively,
it follows that there exist sequences {ni}

∞
i=1 and {δi}

∞
i=1, with ni → ∞

as i → ∞, δi → 0 as i → ∞, and δi > δi+1, i = 1, 2, ..., such that
Ni ⊃ Ni+1, i = 1, 2, ..., and g(−ni)(Ni) ∩ Ni �= Ø, where Ni = Bδi

(xi)

for some xi ∈ g(−ni−1)(Ni−1) ∩ Ni−1 and where n0 � 0 and N0 � N .
Now, since Ni �= Ø, i ∈ Z+, it follows from the Cantor intersection
theorem [3, p.56] that Z �

⋂∞
i=1 N i �= Ø. Furthermore, since δi → 0

as i → ∞, it follows that Z is a singleton. Next, let z ∈ Z = {z},
and since for every i ∈ Z+, N i+1 ⊂ Ni, it follows that z ∈ Ni, i ∈ Z+.
Now, note that z ∈ Ni+1 ⊂ g(−ni)(Ni) ∩ Ni for all i ∈ Z+, which
implies that g(ni)(z) ∈ Ni, i ∈ Z+. Hence, since δi → 0 as i → ∞, it
follows that limi→∞ g(ni)(z) = z.

The next theorem strengthens Poincaré’s theorem by showing that
for every open neighborhood N of D ⊂ R

q, there exists a subset of N
that is dense5 in N so that almost every moving point in N returns
repeatedly to the vicinity of its initial position under a continuous,
volume-preserving bijective mapping which maps the bounded region
D onto itself.

Theorem 2.12 Let D ⊂ R
q be an open bounded set, and let g : D →

D be a continuous, volume-preserving bijective map. Then for every
open neighborhood N ⊂ D, there exists a dense subset V ⊂ N such
that for every point z ∈ V, limi→∞ g(ni)(z) = z for some sequence
{ni}∞i=1, with ni → ∞ as i → ∞.

Proof. Let N ⊂ D be an open neighborhood and define V ⊂ N by

V � {z ∈ N : there exists a sequence {ni}
∞
i=1, with ni → ∞

as i → ∞, such that limi→∞ g(ni)(z) = z}. (2.46)

Now, let z ∈ N and let {δi}
∞
i=1 be a strictly decreasing positive se-

quence with δi → 0 as i → ∞ and Bδ1(z) ⊂ N . It follows from
Theorem 2.11 that for every i ∈ Z+, there exists zi ∈ Bδi

(z) such that

5We say that V is dense in N if N is contained in the closure of V.
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limk→∞ g(nk)(zi) = zi for some sequence {nk}
∞
k=1, with nk → ∞ as

k → ∞, which implies that zi ∈ V, i ∈ Z+. Next, since limi→∞ zi = z,
it follows that z ∈ V which implies that V ⊆ N ⊂ V, and hence, V is
a dense subset of N .

It follows from Theorem 2.12 that almost every point in D ⊂ R
q will

return infinitely many times to any open neighborhood of itself un-
der a continuous, volume-preserving bijective mapping which maps a
bounded region D of a Euclidean space onto itself. The following the-
orem provides several equivalent statements for establishing Poincaré
recurrence.

Theorem 2.13 Let D ⊂ R
q be an open bounded set, and let g : D →

D be a continuous, bijective map. Then the following statements are
equivalent:

i) For every open set N ⊂ D, there exists n ∈ Z+ such that
g(n)(N ) ∩N �= Ø.

ii) For every open set N ⊂ D, there exists a point z ∈ N which
returns to N , that is, g(n)(z) ∈ N for some n ∈ Z+.

iii) For every open set N ⊂ D, there exists a point z ∈ N which
returns to N infinitely often, that is, g(ni)(z) ∈ N , i ∈ Z+, for
some sequence {ni}

∞
i=1, with ni → ∞ as i → ∞.

iv) For every open set N ⊂ D, there exists a point z ∈ N such that
limi→∞ g(ni)(z) = z for some sequence {ni}

∞
i=1, with ni → ∞ as

i → ∞.

v) For every open set N ⊂ D, there exists a dense subset V ⊂ N
such that for every point z ∈ V, limi→∞ g(ni)(z) = z for some
sequence {ni}

∞
i=1, with ni → ∞ as i → ∞.

Proof. The equivalence of i) and ii) as well as the implications iii)
implies ii), iv) implies iii), and v) implies iv) follow trivially. The
proof of i) implies iv) is identical to that of Theorem 2.11, and the
proof of iv) implies v) is identical to that of Theorem 2.12.

Note that it follows from Theorems 2.10, 2.11, and 2.12 that a
continuous, bijective map g : D → D exhibits Poincaré recurrence
(that is, one of the statements in Theorem 2.13 holds) if g(·) is volume-
preserving. For the remainder of this section we consider the nonlinear
dynamical system (2.36) and assume that the solutions to (2.36) are
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defined for all t ∈ R. Recall that if all solutions to (2.36) are bounded,
then it follows from the Peano-Cauchy theorem [50, pp. 16, 17] that
Iz0

= R. The following theorem shows that if a dynamical system
preserves volume, then almost all trajectories return arbitrarily close
to their initial position infinitely often.

Theorem 2.14 Consider the nonlinear dynamical system (2.36). As-
sume that the flow st : D → D of (2.36) is volume-preserving and
maps an open bounded set Dc ⊂ R

q onto itself, that is, Dc is an in-
variant set with respect to (2.36). Then the nonlinear dynamical sys-
tem (2.36) exhibits Poincaré recurrence, that is, almost every point
z ∈ Dc returns to every open neighborhood N ⊂ Dc of z infinitely
many times.

Proof. Since w : D → R
q is locally Lipschitz continuous on D

and st(·) maps an open bounded set Dc ⊂ R
n onto itself, it follows

that the solutions to (2.36) are bounded and unique for all t ∈ R and
z0 ∈ Dc. Thus, the mapping st(·) is bijective. Furthermore, since the
solutions of (2.36) are continuously dependent on the system’s initial
conditions, it follows that st(·) is continuous. Now, the result follows
as a direct consequence of Theorem 2.12 with g(·) = st(·) for any
t ≥ t0.

It follows from Theorem 2.14 that a nonlinear dynamical system
exhibits Poincaré recurrence if one of the statements in Theorem 2.13
holds with g(·) = st(·) for any t ≥ t0. Note that in this case it follows
from iv) of Theorem 2.13 that Poincaré recurrence is equivalent to the
existence of a point z ∈ Dc such that z belongs to its positive limit
set, that is, z ∈ ω(z).

All Hamiltonian dynamical systems of the form (2.39) and (2.40)
exhibit Poincaré recurrence since they possess volume-preserving flows
and are conservative in the sense that the Hamiltonian function H(q, p)
remains constant along system trajectories. To see this, note that with
z � [qT, pT]T, (2.39) and (2.40) can be rewritten as

ż(t) = J

(
∂H

∂z
(z(t))

)T

, z(t0) = z0, t ≥ t0, (2.47)

where z0 � [qT
0 , pT

0 ]T ∈ R
2n and

J �

[
0n In

−In 0n

]

. (2.48)
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Now, since

Ḣ(z) =

(
∂H

∂z
(z)

)

J

(
∂H

∂z
(z)

)T

= 0, z ∈ R
2n, (2.49)

the Hamiltonian function H(·) is conserved along the flow of (2.47).
If H(·) is bounded from below and is radially unbounded, then every
trajectory of the Hamiltonian system (2.47) is bounded. Hence, by
choosing the bounded region D � {z ∈ R

2n : H(z) ≤ η}, where η ∈ R

and η > 0, it follows that the flow st(·) of (2.47) maps the bounded
region D onto itself. Since η > 0 is arbitrary, the region D can be
chosen arbitrarily large. Furthermore, since (2.47) possesses unique
solutions over R, it follows that the mapping st(·) is one-to-one and
onto. Moreover,

∇ · J

(
∂H

∂z
(z)

)T

=
n∑

i=1

∂2H(q, p)

∂qi∂pi
−

n∑

i=1

∂2H(q, p)

∂pi∂qi
= 0, z ∈ R

2n,

(2.50)

which, by Theorem 2.9, shows that the flow st(·) of (2.47) is volume-
preserving. Finally, since the flow st(·) of (2.47) is volume-preserving,
continuous, and bijective, and st(·) maps a bounded region of a Euclid-
ean space onto itself, it follows from Theorem 2.14 that the Hamil-
tonian dynamical system (2.47) exhibits Poincaré recurrence. That
is, in any open neighborhood N of any point z0 ∈ R

2n there exists
a point y ∈ N such that the trajectory s(t, y), t ≥ t0, of (2.47) will
return to N infinitely many times.

Poincaré recurrence has been the main source for the long and fierce
debate between the microscopic and macroscopic points of view of
thermodynamics. In thermodynamic models predicated on statistical
mechanics, an isolated dynamical system will return arbitrarily close
to its initial state of molecular positions and velocities infinitely of-
ten. If the system entropy is determined by the state variables, then
it must also return arbitrarily close to its original value, and hence,
undergo cyclical changes. This apparent contradiction between the
behavior of a mechanical system of particles and the second law of
thermodynamics remains one of the hardest and most controversial
problems in statistical physics. The resolution of this paradox lies in
the controversial statement that as system dimensionality increases,
the recurrence time increases at an extremely fast rate. Nevertheless,
the shortcoming of the mechanistic world view of thermodynamics is
the absence of the emergence of damping in lossless mechanical sys-
tems. The emergence of damping is, however, ubiquitous in isolated
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thermodynamic systems. Hence, the development of a viable dynam-
ical system model for thermodynamics must guarantee the absence of
Poincaré recurrence. The next set of results presents sufficient condi-
tions for the absence of Poincaré recurrence for the nonlinear dynam-
ical system (2.36). For these results define the set of equilibria for the
nonlinear dynamical system (2.36) in D by Me � {z ∈ D : w(z) = 0}.

Theorem 2.15 Consider the nonlinear dynamical system (2.36) and
assume that D \ Me �= Ø. Assume that there exists a continuous
function V : D → R such that for every z0 ∈ D \ Me, V (s(t, z0)),
t ≥ t0, is a strictly increasing (respectively, decreasing) function of
time. Then the nonlinear dynamical system (2.36) does not exhibit
Poincaré recurrence in D \Me. That is, for some z ∈ D \Me, there
exists an open neighborhood N ⊂ D \ Me of z such that for every
y ∈ N , y �∈ ω(y).

Proof. Suppose, ad absurdum, there exists z ∈ D \Me such that
for every open neighborhood N containing z, there exists a point
y ∈ N such that y ∈ ω(y). Now, let {ti}∞i=1 be such that ti → ∞
as i → ∞ and s(ti, y) → y as i → ∞. Since V (·) is continuous, it
follows that limi→∞ V (s(ti, y)) = V (y). However, since V (s(·, y)) is
strictly increasing, it follows that limi→∞ V (s(ti, y)) > V (y), which is
a contradiction. The proof for the case where V (s(t, x0)), t ≥ t0, is
strictly decreasing is identical.

For the remainder of this section let Dc ⊆ D be a closed invariant set
with respect to the nonlinear dynamical system (2.36). The following
definitions for convergence and stability with respect to a positively
invariant set are needed.

Definition 2.13 The nonlinear dynamical system (2.36) is conver-
gent with respect to Dc if limt→∞ s(t, z) exists for every z ∈ Dc.

Definition 2.14 ([12]) An equilibrium point z ∈ Dc ⊆ D of the non-
linear dynamical system (2.36) is Lyapunov stable with respect to the
positively invariant set Dc if, for every relatively open subset Nε of
Dc containing z, there exists a relatively open subset Nδ of Dc con-
taining z such that st(Nδ) ⊂ Nε for all t ≥ t0. An equilibrium point
z ∈ Dc of the nonlinear dynamical system (2.36) is semistable if it
is Lyapunov stable and there exists a relatively open subset N of Dc

containing z such that for all initial conditions in N , the trajectory
of (2.36) converges to a Lyapunov stable equilibrium point, that is,
‖s(t, x) − y‖ → 0 as t → ∞, where y ∈ Dc is a Lyapunov stable equi-
librium point of (2.36) and x ∈ N . The nonlinear dynamical system
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(2.36) is said to be semistable if every equilibrium point of (2.36) is
semistable.

If the system (2.36) is convergent with respect to Dc, then the ω-
limit set ω(z) of (2.36) for the trajectory sz(t) starting at z ∈ Dc

is a singleton. Furthermore, it follows from continuity of solutions
that for every h ≥ 0, sh(ω(z)) � limt→∞ s(t + h, z) = ω(z). Thus,
dsh(ω(z))

dh

∣
∣
∣
h=0

= 0 and hence ω(z) is an equilibrium point of (2.36) for

all z ∈ Dc. The next result relates the continuity of the function ω(·)
at a point z to the stability of the equilibrium point ω(z).

Proposition 2.3 Suppose the nonlinear dynamical system (2.36) is
convergent with respect to Dc. If ω(z) is a Lyapunov stable equilibrium
point for some z ∈ Dc, then ω : Dc → Dc is continuous at z.

Proof. The proof of the result appears in [12]. For completeness
of exposition, we provide a proof here. Suppose ω(z) is Lyapunov
stable for some z ∈ Dc, and let Nε be an open neighborhood of ω(z).
Moreover, choose open neighborhoods N and Nδ of ω(z) such that
N ⊂ Nε and st(Nδ) ⊆ N for all t ≥ t0, and let {zi}

∞
n=1 be a sequence

in Dc converging to z. The existence of such neighborhoods follows
from the Lyapunov stability of ω(z). Next, there exists h > t0 such
that s(h, z) ∈ Nδ and, since the solutions to (2.36) are continuously
dependent on the system initial conditions, it follows that there exists
an open neighborhood Nδ̂ � Bδ̂(z), δ̂ > 0, of z such that s(h, y) ∈ Nδ

for all y ∈ Nδ̂. Furthermore, it follows from the Lyapunov stability of

ω(z) that s(t + h, y) ∈ N , y ∈ Nδ̂, t ≥ 0, and hence, ω(y) ∈ N ⊂ Nε,
y ∈ Nδ̂, which proves that ω : Dc → Dc is continuous at z.

The next result gives an alternative sufficient condition for the ab-
sence of Poincaré recurrence in a dynamical system.

Theorem 2.16 Consider the nonlinear dynamical system (2.36). As-
sume that Dc \ Me �= Ø and assume (2.36) is convergent and semi-
stable in Dc. Then the nonlinear dynamical system (2.36) does not
exhibit Poincaré recurrence in Dc\Me. That is, for some z ∈ Dc\Me,
there exists an open neighborhood N ⊂ Dc \Me of z such that for any
y ∈ N the trajectory s(t, y), t ≥ t0, does not return to N infinitely
many times.

Proof. Let z ∈ Dc \ Me and let ω(z) ∈ Me be a limiting point
for the trajectory s(t, z), t ≥ t0, so that limt→∞ s(t, z) = ω(z). Since
(2.36) is convergent and semistable, it follows from Proposition 2.3
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that ω(z), z ∈ Dc \ Me, is continuous. Hence, for any ε > 0 there
exists δ = δ(ε) > 0 such that ω(y) ∈ Bε(ω(z)) for all y ∈ Bδ(z).
Choose ε > 0 and δ > 0 such that Bδ(z)∩Bε(ω(z)) = Ø. Furthermore,
choose ε̂ > 0 to be sufficiently small such that

⋃

y∈Bδ(z)

Bε̂(ω(y)) ∩ Bδ(z) = Ø. (2.51)

Since the dynamical system (2.36) is convergent in Dc, it follows that
for all y ∈ Bδ(z) and ε̂ > 0, there exists T (ε̂, y) > t0 such that
s(t, y) ∈ Bε̂(ω(y)) for all t > T (ε̂, y). Moreover, it follows from (2.51)
that, for all y ∈ Bδ(z), s(t, y), t ≥ t0, does not return to Bδ(z) infinitely
many times, which proves the result with N = Bδ(z).

Finally, we close this chapter by noting that the results of this
section also apply (with minor modifications) to infinite-dimensional
dynamical systems G with flows st : B → B defined on a Banach space
B. In particular, we require that the map g(·) in the theorems just
presented be a measurable transformation g : B → B that preserves
a finite measure µ(·) on B, that is, µ(g(−1)(N )) = µ(N ) for every
measurable set N ⊂ B. In this case, the results in this section also
hold for infinite-dimensional dynamical systems with this appropriate
minor modification.



Chapter Three

A Systems Foundation for Thermodynamics

3.1 Introduction

The fundamental and unifying concept in the analysis of complex
(large-scale) dynamical systems is the concept of energy. As noted in
Chapter 1, the energy of a state of a dynamical system is the measure
of its ability to produce changes (motion) in its own system state as
well as changes in the system states of its surroundings. These changes
occur as a direct consequence of the energy flow between different sub-
systems within the dynamical system. Since heat (energy) is a fun-
damental concept of thermodynamics involving the capacity of hot
bodies (more energetic subsystems) to produce work, thermodynam-
ics is a theory of large-scale dynamical systems. As in thermodynamic
systems, dynamical systems can exhibit energy (due to friction) that
becomes unavailable to do useful work. This in turn contributes to an
increase in system entropy, a measure of the tendency of a system to
lose the ability to do useful work. In this chapter we use a large-scale
dynamical systems perspective to provide a system-theoretic founda-
tion for thermodynamics that bridges the gap between classical and
statistical thermodynamics.

To develop a systems foundation for thermodynamics, we use the
state space formalism to construct a mathematical model that is con-
sistent with basic thermodynamic principles. This is in sharp contrast
to classical thermodynamics wherein an input-output description of
the system is used. However, it is felt that a state space formula-
tion is essential for developing a thermodynamic model with enough
detail for describing the thermal behavior of heat and dynamical en-
ergy. In addition, such a model is crucial in accounting for internal
system properties such as compartmental system dynamics character-
izing conservation laws wherein subsystem energies can only be trans-
ported, stored, or dissipated but not created. If a physical system
possesses these conservation properties externally, then there exists
a high possibility that the system possesses these properties inter-
nally. In this case, assuming that the system possesses these conser-
vation properties internally does not violate any input-output behav-
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ior of the physical system established by experimental evidence, and
hence, the state space model is theoretically credible. The absence of
a state space formalism in classical thermodynamics, and physics in
general, is quite disturbing and in our view largely responsible for the
monomeric state of classical thermodynamics.

3.2 Conservation of Energy and the First Law of Thermodynamics

To develop a system-theoretic foundation for thermodynamics, we
consider a large-scale system model with a combination of subsystems
(compartments or parts) that is perceived as a single entity. For each
subsystem (compartment) making up the system, we postulate the
existence of an energy state variable such that the knowledge of these
subsystem state variables at any given time t = t0, together with the
knowledge of any inputs (heat fluxes) to each of the subsystems for
time t ≥ t0, completely determines the behavior of the system for
any given time t ≥ t0. Hence, the (energy) state of our dynamical
system at time t is uniquely determined by the state at time t0 and
any external inputs for time t ≥ t0 and is independent of the state
and inputs before time t0.

More precisely, we consider a large-scale dynamical system com-
posed of a large number of units with aggregated (or lumped) energy
variables representing homogeneous groups of these units. If all the
units comprising the system are identical (that is, the system is per-
fectly homogeneous), then the behavior of the dynamical system can
be captured by that of a single plenipotentiary unit. Alternatively, if
every interacting system unit is distinct, then the resulting model con-
stitutes a microscopic system. To develop a middle-ground thermody-
namic model placed between complete aggregation (classical thermo-
dynamics) and complete disaggregation (statistical thermodynamics),
we subdivide the large-scale dynamical system into a finite number
of compartments, each formed by a large number of homogeneous
units. Each compartment represents the energy content of the dif-
ferent parts of the dynamical system, and different compartments in-
teract by exchanging heat. Thus, our compartmental thermodynamic
model utilizes subsystems or compartments to describe the energy
distribution among distinct regions in space with intercompartmental
flows representing the heat transfer between these regions. Decreasing
the number of compartments results in a more aggregated or homoge-
neous model, whereas increasing the number of compartments leads to
a higher degree of disaggregation resulting in a heterogeneous model.
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Figure 3.1 Large-scale dynamical system G.

To formulate our state space thermodynamic model, consider the
large-scale dynamical system G shown in Figure 3.1 involving energy
exchange between q interconnected subsystems. Let Ei : [0,∞) →
R+ denote the energy (and hence a nonnegative quantity) of the ith
subsystem, let Si : [0,∞) → R denote the external power (heat flux)
supplied to (or extracted from) the ith subsystem, let σij : R

q
+ →

R+, i �= j, i, j = 1, ..., q, denote the instantaneous rate of energy
(heat) flow from the jth subsystem to the ith subsystem, and let
σii : R

q
+ → R+, i = 1, ..., q, denote the instantaneous rate of energy

(heat) dissipation from the ith subsystem to the environment. Here
we assume that σij : R

q
+ → R+, i, j = 1, ..., q, are locally Lipschitz

continuous on R
q
+ and Si : [0,∞) → R, i = 1, ..., q, are bounded

piecewise continuous functions of time.
An energy balance for the ith subsystem yields

Ei(T ) = Ei(t0) +

q∑

j=1, j �=i

∫ T

t0

[σij(E(t)) − σji(E(t))]dt

−

∫ T

t0

σii(E(t))dt +

∫ T

t0

Si(t)dt, T ≥ t0, (3.1)
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or, equivalently, in vector form,

E(T ) =E(t0) +

∫ T

t0

w(E(t))dt −

∫ T

t0

d(E(t))dt +

∫ T

t0

S(t)dt, T ≥ t0,

(3.2)

where E(t) � [E1(t), ..., Eq(t)]
T, d(E(t)) � [σ11(E(t)), ..., σqq(E(t))]T,

S(t) � [S1(t), ..., Sq(t)]
T, t ≥ t0, and w = [w1, ..., wq]

T : R
q
+ → R

q is
such that

wi(E) =

q∑

j=1, j �=i

[σij(E) − σji(E)], E ∈ R
q
+. (3.3)

It is important to note that the exchange of energy between subsys-
tems in (3.1) is assumed to be a nonlinear function of all the subsys-
tems, that is, σij = σij(E), E ∈ R

q
+, i �= j, i, j = 1, ..., q. This as-

sumption is made for generality and would depend on the complexity
of the diffusion process. For example, thermal processes may include
evaporative and radiative heat transfer as well as thermal conduction
giving rise to complex heat transport mechanisms. However, for sim-
ple diffusion processes it suffices to assume that σij(E) = σij(Ej),
wherein the energy flow from the jth subsystem to the ith subsys-
tem is only dependent (possibly nonlinearly) on the energy in the jth
subsystem. Similar comments apply to system dissipation.

Note that (3.1) yields a conservation of energy equation and implies
that the energy stored in the ith subsystem is equal to the external en-
ergy supplied to (or extracted from) the ith subsystem plus the energy
gained by the ith subsystem from all other subsystems due to subsys-
tem coupling minus the energy dissipated from the ith subsystem to
the environment. Equivalently, (3.1) can be rewritten as

Ėi(t) =

q∑

j=1, j �=i

[σij(E(t)) − σji(E(t))]−σii(E(t)) + Si(t),

Ei(t0) = Ei0, t ≥ t0, (3.4)

or, in vector form,

Ė(t) = w(E(t)) − d(E(t)) + S(t), E(t0) = E0, t ≥ t0, (3.5)

where E0 � [E10, ..., Eq0]
T, yielding a power balance equation that

characterizes energy flow between subsystems of the large-scale dy-
namical system G. Equation (3.4) shows that the rate of change of
energy, or power, in the ith subsystem is equal to the power input
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(heat flux) to the ith subsystem plus the energy (heat) flow to the ith
subsystem from all other subsystems minus the power dissipated from
the ith subsystem to the environment. Furthermore, since w(·)− d(·)
is locally Lipschitz continuous on R

q
+ and S(·) is a bounded piecewise

continuous function of time, it follows that (3.5) has a unique solu-
tion over the finite time interval [t0, τE0

). If, in addition, the power
balance equation (3.5) is input-to-state stable [56], then τE0

= ∞.
Equation (3.2) or, equivalently, (3.5) is a statement of the first law

of thermodynamics as applied to isochoric transformations (i.e., con-
stant subsystem volume transformations) for each of the subsystems
Gi, i = 1, ..., q, with Ei(·), Si(·), σij(·), i �= j, and σii(·), i, j = 1, ..., q,
playing the role of the ith subsystem internal energy, rate of heat
supplied to (or extracted from) the ith subsystem, heat flow between
subsystems due to coupling, and the rate of energy (heat) dissipated
to the environment, respectively. To further elucidate that (3.2) is es-
sentially the statement of the principle of the conservation of energy,
let the total energy in the large-scale dynamical system G be given by
U � eTE, where eT � [1, ..., 1] and E ∈ R

q
+, and let the net energy

received by the large-scale dynamical system G over the time interval
[t1, t2] be given by

Q �

∫ t2

t1

eT[S(t) − d(E(t))]dt, (3.6)

where E(t), t ≥ t0, is the solution to (3.5). Then, premultiplying (3.2)
by eT and using the fact that eTw(E) ≡ 0, it follows that

∆U = Q, (3.7)

where ∆U � U(t2) − U(t1) denotes the variation in the total energy
of the large-scale dynamical system G over the time interval [t1, t2].
This is a statement of the first law of thermodynamics for isochoric
transformations of the large-scale dynamical system G and gives a
precise formulation of the equivalence between the variation in system
internal energy and heat.

It is important to note that the large-scale dynamical system model
(3.5) does not consider work done by the system on the environment
nor work done by the environment on the system. Hence, Q can be
physically interpreted as the net amount of energy that is received
by the system in forms other than work. The extension of address-
ing work performed by and on the system can be easily addressed by
including an additional state equation, coupled to the power balance
equation (3.5), involving volume (deformation) states for each subsys-
tem. Since this extension does not alter any of the conceptual results
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of this chapter, it is not considered in this chapter for simplicity of
exposition. Work performed by the dynamical system on the environ-
ment and work done by the environment on the dynamical system is
addressed in Chapter 5.

In its most general form thermodynamics can also involve react-
ing mixtures and combustion. When a chemical reaction occurs, the
bonds within molecules of the reactant are broken, and atoms and
electrons rearrange to form products. The thermodynamic analysis of
reactive systems can be addressed as an extension of the compartmen-
tal thermodynamic model described above. Specifically, in this case
the compartments would qualitatively represent different quantities
in the same space, and the intercompartmental flows would repre-
sent transformation rates in addition to transfer rates. In particular,
the compartments would additionally represent quantities of different
chemical substances contained within the compartment, and the com-
partmental flows would additionally characterize transformation rates
of reactants into products. The fundamental concepts, however, for
developing a thermodynamically consistent state space model would
remain the same with an additional mass balance equation included
for addressing conservation of energy as well as conservation of mass.
This additional mass conservation equation would involve the law of
mass action enforcing proportionality between a particular reaction
rate and the concentrations of the reactants, and the law of superpo-
sition of elementary reactions assuring that the resultant rates for a
particular species is the sum of the elementary reaction rates for the
species. Even though this is an important extension for developing a
general theory for thermodynamics, it does not alter the fundamen-
tal conceptual mathematical results developed in this and subsequent
chapters and hence is not addressed in this monograph.

For our large-scale dynamical system model G, we assume that
σij(E) = 0, E ∈ R

q
+, whenever Ej = 0, i, j = 1, ..., q. In this case,

w(E) − d(E), E ∈ R
q
+, is essentially nonnegative. The above con-

straint implies that if the energy of the jth subsystem of G is zero,
then this subsystem cannot supply any energy to its surroundings
nor dissipate energy to the environment. Moreover, we assume that
Si(t) ≥ 0 whenever Ei(t) = 0, t ≥ t0, i = 1, ..., q, which implies that
when the energy of the ith subsystem is zero, then no energy can be
extracted from this subsystem. The following proposition is needed
for the main results of this chapter.

Proposition 3.1 Consider the large-scale dynamical system G with
power balance equation given by (3.5). Suppose σij(E) = 0, E ∈ R

q
+,
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whenever Ej = 0, i, j = 1, ..., q, and Si(t) ≥ 0 whenever Ei(t) = 0, t ≥
t0, i = 1, ..., q. Then the solution E(t), t ≥ t0, to (3.5) is nonnegative
for all nonnegative initial conditions E0 ∈ R

q
+.

Proof. First note that w(E)−d(E), E ∈ R
q
+, is essentially nonneg-

ative. Next, since Si(t) ≥ 0 whenever Ei(t) = 0, t ≥ t0, i = 1, ..., q,
it follows that Ėi(t) ≥ 0 for all t ≥ t0 and i = 1, ..., q whenever
Ei(t) = 0 and Ej(t) ≥ 0 for all j �= i and t ≥ t0. This implies that

for all nonnegative initial conditions E0 ∈ R
q
+, the trajectory of G is

directed towards the interior of the nonnegative orthant R
q
+ whenever

Ei(t) = 0, i = 1, ..., q, and hence remains nonnegative for all t ≥ t0.

Next, premultiplying (3.2) by eT, using Proposition 3.1, and using
the fact that eTw(E) ≡ 0, it follows that

eTE(T ) = eTE(t0) +

∫ T

t0

eTS(t)dt −

∫ T

t0

eTd(E(t))dt, T ≥ t0.

(3.8)

Now, for the large-scale dynamical system G, define the input u(t) �

S(t) and the output y(t) � d(E(t)). Hence, it follows from (3.8) that
the large-scale dynamical system G is lossless [100] with respect to the
energy supply rate r(u, y) � eTu − eTy and with the energy storage
function U(E) � eTE, E ∈ R

q
+. The following lemma is required for

our next result.

Lemma 3.1 Consider the large-scale dynamical system G with power
balance equation (3.5). Then for every equilibrium state Ee ∈ R

q
+ and

every ε > 0 and T > 0, there exist Se ∈ R
q, α > 0, and T̂ ∈ [0, T ] such

that for every Ê ∈ R
q
+ with ‖Ê−Ee‖ ≤ αT , there exists S : [0, T̂ ] → R

q

such that ‖S(t) − Se‖ ≤ ε, t ∈ [0, T̂ ], and E(t) = Ee + (Ê−Ee)

T̂
t,

t ∈ [0, T̂ ].

Proof. Note that with Se � d(Ee) − w(Ee), the state Ee ∈ R
q
+ is

an equilibrium state of (3.5). Let θ > 0 and T > 0, and define

M(θ, T ) � sup
E∈B1(0), t∈[0,T ]

‖w(Ee + θtE) − d(Ee + θtE) + Se‖. (3.9)

Note that for every T > 0, limθ→0+ M(θ, T ) = 0, and for every θ > 0,
limT→0+ M(θ, T ) = 0. Next, let ε > 0 and T > 0 be given, and let
α > 0 be such that M(α, T ) + α ≤ ε. (The existence of such an α is



52 CHAPTER 3

guaranteed since M(α, T ) → 0 as α → 0+.) Now, let Ê ∈ R
q
+ be such

that ‖Ê − Ee‖ ≤ αT . With T̂ �
‖Ê−Ee‖

α ≤ T and

S(t) = −w(E(t)) + d(E(t)) + α
(Ê − Ee)

‖Ê − Ee‖
, t ∈ [0, T̂ ], (3.10)

it follows that

E(t) = Ee +
(Ê − Ee)

‖Ê − Ee‖
αt, t ∈ [0, T̂ ], (3.11)

is a solution to (3.5). The result is now immediate by noting that

E(T̂ ) = Ê and

‖S(t) − Se‖≤‖w
(
Ee + (Ê−Ee)

‖Ê−Ee‖
αt
)
− d

(
Ee + (Ê−Ee)

‖Ê−Ee‖
αt
)

+ Se‖ + α

≤M(α, T ) + α

≤ ε, t ∈ [0, T̂ ]. (3.12)

It follows from Lemma 3.1 that the large-scale dynamical system G
with the power balance equation (3.5) is reachable from and control-
lable to the origin in R

q
+. Recall that the large-scale dynamical system

G with the power balance equation (3.5) is reachable from the origin
in R

q
+ if, for all E0 = E(t0) ∈ R

q
+, there exists a finite time ti ≤ t0 and

a square integrable input S(·) defined on [ti, t0] such that the state
E(t), t ≥ ti, can be driven from E(ti) = 0 to E(t0) = E0. Alterna-
tively, G is controllable to the origin in R

q
+ if, for all E0 = E(t0) ∈ R

q
+,

there exists a finite time tf ≥ t0 and a square integrable input S(·)
defined on [t0, tf ] such that the state E(t), t ≥ t0, can be driven from
E(t0) = E0 to E(tf) = 0. We let Ur denote the set of all bounded
continuous power inputs (heat fluxes) to the large-scale dynamical
system G such that for any T ≥ −t0 the system energy state can be
driven from E(−T ) = 0 to E(t0) = E0 ∈ R

q
+ by S(·) ∈ Ur, and we let

Uc denote the set of all bounded continuous power inputs (heat fluxes)
to the large-scale dynamical system G such that for any T ≥ t0 the
system energy state can be driven from E(t0) = E0 ∈ R

q
+ to E(T ) = 0

by S(·) ∈ Uc. Furthermore, let U be an input space that is a subset
of bounded continuous R

q-valued functions on R. The spaces Ur, Uc,
and U are assumed to be closed under the shift operator, that is, if
S(·) ∈ U (respectively, Uc or Ur), then the function ST defined by
ST (t) � S(t + T ) is contained in U (respectively, Uc or Ur) for all
T ≥ 0.
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The next result establishes the uniqueness of the internal energy
function U(E), E ∈ R

q
+, for our large-scale dynamical system G. For

this result define the available energy of the large-scale dynamical
system G by

Ua(E0) �− inf
u(·)∈U , T≥t0

∫ T

t0

[eTu(t) − eTy(t)]dt, E0 ∈ R
q
+, (3.13)

and the required energy supply of the large-scale dynamical system G
by

Ur(E0) � inf
u(·)∈Ur, T≥−t0

∫ t0

−T
[eTu(t) − eTy(t)]dt, E0 ∈ R

q
+. (3.14)

Note that the available energy Ua(E) is the maximum amount of
stored energy (net heat) that can be extracted from the large-scale
dynamical system G at any time T , and the required energy supply
Ur(E) is the minimum amount of energy (net heat) that can be deliv-
ered to the large-scale dynamical system G to transfer it from a state
of minimum potential E(−T ) = 0 to a given state E(t0) = E0.

Theorem 3.1 Consider the large-scale dynamical system G with pow-
er balance equation given by (3.5). Then G is lossless with respect to
the energy supply rate r(u, y) = eTu − eTy, where u(t) ≡ S(t) and
y(t) ≡ d(E(t)), and with the unique energy storage function corre-
sponding to the total energy of the system G given by

U(E0) = eTE0

=−

∫ T+

t0

[eTu(t) − eTy(t)]dt

=

∫ t0

−T−

[eTu(t) − eTy(t)]dt, E0 ∈ R
q
+, (3.15)

where E(t), t ≥ t0, is the solution to (3.5) with admissible input u(·) ∈
U , E(−T−) = 0, E(T+) = 0, and E(t0) = E0 ∈ R

q
+. Furthermore,

0 ≤ Ua(E0) = U(E0) = Ur(E0) < ∞, E0 ∈ R
q
+. (3.16)

Proof. Note that it follows from (3.8) that G is lossless with respect
to the energy supply rate r(u, y) = eTu − eTy and with the energy
storage function U(E) = eTE, E ∈ R

q
+. Since, by Lemma 3.1, G is

reachable from and controllable to the origin in R
q
+, it follows from
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(3.8), with E(t0) = E0 ∈ R
q
+ and E(T+) = 0 for some T+ ≥ t0 and

u(·) ∈ U , that

eTE0 =−

∫ T+

t0

[eTu(t) − eTy(t)]dt

≤ sup
u(·)∈U , T≥t0

[

−

∫ T

t0

[eTu(t) − eTy(t)]dt

]

=− inf
u(·)∈U , T≥t0

∫ T

t0

[eTu(t) − eTy(t)]dt

= Ua(E0), E0 ∈ R
q
+. (3.17)

Alternatively, it follows from (3.8), with E(−T−) = 0 for some −T− ≤
t0 and u(·) ∈ Ur, that

eTE0 =

∫ t0

−T−

[eTu(t) − eTy(t)]dt

≥ inf
u(·)∈Ur, T≥−t0

∫ t0

−T
[eTu(t) − eTy(t)]dt

=Ur(E0), E0 ∈ R
q
+. (3.18)

Thus, (3.17) and (3.18) imply that (3.15) is satisfied and

Ur(E0) ≤ eTE0 ≤ Ua(E0), E0 ∈ R
q
+. (3.19)

Conversely, it follows from (3.8) and the fact that U(E) = eTE ≥
0, E ∈ R

q
+, that, for all T ≥ t0 and u(·) ∈ U ,

eTE(t0) ≥ −

∫ T

t0

[eTu(t) − eTy(t)]dt, E(t0) ∈ R
q
+, (3.20)

which implies that

eTE(t0)≥ sup
u(·)∈U , T≥t0

[

−

∫ T

t0

[eTu(t) − eTy(t)]dt

]

=− inf
u(·)∈U , T≥t0

∫ T

t0

[eTu(t) − eTy(t)]dt

=Ua(E(t0)), E(t0) ∈ R
q
+. (3.21)

Furthermore, it follows from the definition of Ua(·) that Ua(E) ≥
0, E ∈ R

q
+, since the infimum in (3.13) is taken over the set of values

containing the zero value (T = t0). Next, note that it follows from
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(3.8), with E(t0) ∈ R
q
+ and E(−T ) = 0 for all T ≥ −t0 and u(·) ∈ Ur,

that

eTE(t0) =

∫ t0

−T
[eTu(t) − eTy(t)]dt

= inf
u(·)∈Ur, T≥−t0

∫ t0

−T
[eTu(t) − eTy(t)]dt

= Ur(E(t0)), E(t0) ∈ R
q
+. (3.22)

Moreover, since the system G is reachable from the origin, it follows
that for every E(t0) ∈ R

q
+, there exists T ≥ −t0 and u(·) ∈ Ur such

that

∫ t0

−T
(eTu(t) − eTy(t))dt (3.23)

is finite, and hence, Ur(E(t0)) < ∞, E(t0) ∈ R
q
+. Finally, combining

(3.19), (3.21), and (3.22), it follows that (3.16) holds.

It follows from (3.16) and the definitions of available energy Ua(E0)
and the required energy supply Ur(E0), E0 ∈ R

q
+, that the large-scale

dynamical system G can deliver to its surroundings all of its stored
subsystem energies and can store all of the work done to all of its
subsystems. This is in essence a statement of the first law of thermo-
dynamics and places no limitation on the possibility of transforming
heat into work or work into heat. In the case where S(t) ≡ 0, it fol-
lows from (3.8) and the fact that σii(E) ≥ 0, E ∈ R

q
+, i = 1, ..., q, that

the zero solution E(t) ≡ 0 of the large-scale dynamical system G with
the power balance equation (3.5) is Lyapunov stable with Lyapunov
function U(E) corresponding to the total energy in the system.

3.3 Entropy and the Second Law of Thermodynamics

The nonlinear power balance equation (3.5) can exhibit a full range
of nonlinear behavior, including bifurcations, limit cycles, and even
chaos. However, a thermodynamically consistent energy flow model
should ensure that the evolution of the system energy is diffusive
(parabolic) in character with convergent subsystem energies. As es-
tablished in Section 2.4, such a system model would guarantee the ab-
sence of the Poincaré recurrence phenomenon [4], which states that
every finite-dimensional, isolated (i.e., S(t) ≡ 0 and d(E) ≡ 0) dy-
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namical system with volume-preserving1 trajectories (subsystem en-
ergies) will return arbitrarily close to its initial system state (energy)
infinitely many times. This of course would violate the second law
of thermodynamics, since subsystem energies (temperatures) would
be allowed to return to their starting state and thereby subverting
the diffusive character of the dynamical system. Hence, to ensure a
thermodynamically consistent energy flow model, we require the fol-
lowing axioms.2 For the statement of these axioms, we first recall the
following graph-theoretic notions.

Definition 3.1 ([6]) A directed graph G(C) associated with the con-
nectivity matrix C ∈ R

q×q has vertices {1, 2, ..., q} and an arc from
vertex i to vertex j, i �= j, if and only if C(j,i) �= 0. A graph G(C)

associated with the connectivity matrix C ∈ R
q×q is a directed graph

for which the arc set is symmetric, that is, C = CT. We say that G(C)
is strongly connected if for any ordered pair of vertices (i, j), i �= j,
there exists a path (i.e., a sequence of arcs) leading from i to j.

Recall that the connectivity matrix C ∈ R
q×q is irreducible, that is,

there does not exist a permutation matrix such that C is cogredient
to a lower-block triangular matrix, if and only if G(C) is strongly
connected (see Theorem 2.7 of [6]). Let φij(E) � σij(E)−σji(E), E ∈

R
q
+, denote the net energy flow from the jth subsystem Gj to the ith

subsystem Gi of the large-scale dynamical system G.

Axiom i) For the connectivity matrix C ∈ R
q×q associated with

the large-scale dynamical system G defined by

C(i,j) �

{
0, if φij(E) ≡ 0,
1, otherwise,

i �= j, i, j = 1, ..., q, (3.24)

and

C(i,i) � −

q∑

k=1, k �=i

C(k,i), i = j, i = 1, ..., q, (3.25)

1A dynamical system is volume-preserving if the volume of an arbitrary region
of the state space is conserved by the time evolution of the system, even though
the shape of the region may change dramatically.

2It can be argued here that a more appropriate terminology is assumptions

rather than axioms since, as will be seen, these are statements taken to be true
and used as premises in order to infer certain results, but may not otherwise
be accepted. However, as we will see, these statements are equivalent (within
our formulation) to the stipulated postulates of the zeroth and second laws of
thermodynamics involving transitivity of a thermal equilibrium and heat flowing
from hotter to colder bodies, and as such we refer to them as axioms.
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rank C = q − 1, and for C(i,j) = 1, i �= j, φij(E) = 0 if and only if
Ei = Ej .

Axiom ii) For i, j = 1, ..., q, (Ei − Ej)φij(E) ≤ 0, E ∈ R
q
+.

The fact that φij(E) = 0 if and only if Ei = Ej , i �= j, implies that
subsystems Gi and Gj of G are connected ; alternatively, φij(E) ≡ 0
implies that Gi and Gj are disconnected. Axiom i) implies that if the
energies in the connected subsystems Gi and Gj are equal, then energy
exchange between these subsystems is not possible. This statement
is consistent with the zeroth law of thermodynamics, which postu-
lates that temperature equality is a necessary and sufficient condition
for thermal equilibrium. Furthermore, it follows from the fact that
C = CT and rank C = q − 1 that the connectivity matrix C is ir-
reducible, which implies that for any pair of subsystems Gi and Gj ,
i �= j, of G there exists a sequence of connectors (arcs) of G that
connect Gi and Gj . Axiom ii) implies that energy flows from more
energetic subsystems to less energetic subsystems and is consistent
with the second law of thermodynamics, which states that heat (en-
ergy) must flow in the direction of lower temperatures.3 Furthermore,
note that φij(E) = −φji(E), E ∈ R

q
+, i �= j, i, j = 1, ..., q, which

implies conservation of energy between lossless subsystems. With
S(t) ≡ 0, Axioms i) and ii) along with the fact that φij(E) = −φji(E),

E ∈ R
q
+, i �= j, i, j = 1, ..., q, imply that at a given instant of time,

energy can only be transported, stored, or dissipated but not cre-
ated, and the maximum amount of energy that can be transported
and/or dissipated from a subsystem cannot exceed the energy in the
subsystem.

Next, we show that the classical Clausius equality and inequality
for reversible and irreversible thermodynamics over cyclic motions are
satisfied for our thermodynamically consistent energy flow model. For
this result

∮
denotes a cyclic integral evaluated along an arbitrary

closed path of (3.5) in R
q
+; that is,

∮
�
∫ tf
t0

with tf ≥ t0 and S(·) ∈ U

such that E(tf) = E(t0) = E0 ∈ R
q
+.

Proposition 3.2 Consider the large-scale dynamical system G with
power balance equation (3.5), and assume that Axioms i) and ii) hold.
Then for all E0 ∈ R

q
+, tf ≥ t0, and S(·) ∈ U such that E(tf) = E(t0) =

3It is important to note that our formulation of the second law of thermody-
namics as given by Axiom ii) does not require the mentioning of temperature
nor the more primitive subjective notions of hotness or coldness. As we will see
later, temperature is defined in terms of the system entropy after we establish the
existence of a unique, continuously differentiable entropy function for G.
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E0,

∫ tf

t0

q∑

i=1

Si(t) − σii(E(t))

c + Ei(t)
dt =

∮ q∑

i=1

dQi(t)

c + Ei(t)
≤ 0, (3.26)

where c > 0, dQi(t) � [Si(t)− σii(E(t))]dt, i = 1, ..., q, is the amount
of net energy (heat) received by the ith subsystem over the infinitesimal
time interval dt, and E(t), t ≥ t0, is the solution to (3.5) with initial
condition E(t0) = E0. Furthermore,

∮ q∑

i=1

dQi(t)

c + Ei(t)
= 0 (3.27)

if and only if there exists a continuous function α : [t0, tf ] → R+ such
that E(t) = α(t)e, t ∈ [t0, tf ].

Proof. Since, by Proposition 3.1, E(t) ≥≥ 0, t ≥ t0, and φij(E) =

−φji(E), E ∈ R
q
+, i �= j, i, j = 1, ..., q, it follows from (3.5) and Axiom

ii) that

∮ q∑

i=1

dQi(t)

c + Ei(t)
=

∫ tf

t0

q∑

i=1

Ėi(t) −
∑q

j=1, j �=i φij(E(t))

c + Ei(t)
dt

=

q∑

i=1

loge

(
c + Ei(tf)

c + Ei(t0)

)

−

∫ tf

t0

q∑

i=1

q∑

j=1, j �=i

φij(E(t))

c + Ei(t)
dt

=−

∫ tf

t0

q∑

i=1

q∑

j=i+1

(
φij(E(t))

c + Ei(t)
−

φij(E(t))

c + Ej(t)

)

dt

=−

∫ tf

t0

q∑

i=1

q∑

j=i+1

φij(E(t))(Ej(t) − Ei(t))

(c + Ei(t))(c + Ej(t))
dt

≤ 0, (3.28)

which proves (3.26).
To show (3.27), note that it follows from (3.28), Axiom i), and

Axiom ii) that (3.27) holds if and only if Ei(t) = Ej(t), t ∈ [t0, tf ],
i �= j, i, j = 1, ..., q, or, equivalently, there exists a continuous function
α : [t0, tf ] → R+ such that E(t) = α(t)e, t ∈ [t0, tf ].

Inequality (3.26) is a generalization of Clausius’ inequality for re-
versible and irreversible thermodynamics as applied to large-scale dy-
namical systems and restricts the manner in which the system dis-
sipates (scaled) heat over cyclic motions. It follows from Axiom
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i) and (3.5) that for the adiabatically isolated large-scale dynamical
system G (that is, S(t) ≡ 0 and d(E(t)) ≡ 0), the energy states
given by Ee = αe, α ≥ 0, correspond to the equilibrium energy
states of G. Thus, as in classical thermodynamics, we can define
an equilibrium process as a process in which the trajectory of the
large-scale dynamical system G moves along the equilibrium manifold
Me � {E ∈ R

q
+ : E = αe, α ≥ 0} corresponding to the set of equi-

libria of the isolated4 system G. The power input that can generate
such a trajectory can be given by S(t) = d(E(t))+u(t), t ≥ t0, where
u(·) ∈ U is such that ui(t) ≡ uj(t), i �= j, i, j = 1, ..., q. Our definition
of an equilibrium transformation involves a continuous succession of
intermediate states that differ by infinitesimals from equilibrium sys-
tem states and thus can only connect initial and final states, which are
states of equilibrium. This process need not be slowly varying, and
hence, equilibrium and quasistatic processes are not synonymous in
this monograph. Alternatively, a nonequilibrium process is a process
that does not lie on the equilibrium manifold Me. Hence, it follows
from Axiom i) that for an equilibrium process φij(E(t)) = 0, t ≥ t0,
i �= j, i, j = 1, ..., q, and thus, by Proposition 3.2, inequality (3.26) is
satisfied as an equality. Alternatively, for a nonequilibrium process
it follows from Axioms i) and ii) that (3.26) is satisfied as a strict
inequality.

Next, we give a deterministic definition of entropy for the large-
scale dynamical system G that is consistent with the classical thermo-
dynamic definition of entropy.

Definition 3.2 For the large-scale dynamical system G with power
balance equation (3.5), a function S : R

q
+ → R satisfying

S(E(t2)) ≥ S(E(t1)) +

∫ t2

t1

q∑

i=1

Si(t) − σii(E(t))

c + Ei(t)
dt (3.29)

for any t2 ≥ t1 ≥ t0 and S(·) ∈ U is called the entropy function of G.

Next, we show that (3.26) guarantees the existence of an entropy
function for G. For this result define the available entropy of the
large-scale dynamical system G by

Sa(E0) � − sup
S(·)∈Uc, T≥t0

∫ T

t0

q∑

i=1

Si(t) − σii(E(t))

c + Ei(t)
dt, (3.30)

4Since in this section we are not considering work performed by and on the
system, the notions of an isolated system and an adiabatically isolated system are
equivalent.
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where E(t0) = E0 ∈ R
q
+ and E(T ) = 0, and define the required entropy

supply of the large-scale dynamical system G by

Sr(E0) � sup
S(·)∈Ur, T≥−t0

∫ t0

−T

q∑

i=1

Si(t) − σii(E(t))

c + Ei(t)
dt, (3.31)

where E(−T ) = 0 and E(t0) = E0 ∈ R
q
+. Note that the available

entropy Sa(E0) is the minimum amount of scaled heat (entropy) that
can be extracted from the large-scale dynamical system G in order to
transfer it from an initial state E(t0) = E0 to E(T ) = 0. Alternatively,
the required entropy supply Sr(E0) is the maximum amount of scaled
heat (entropy) that can be delivered to G to transfer it from the origin
to a given initial state E(t0) = E0.

Theorem 3.2 Consider the large-scale dynamical system G with pow-
er balance equation (3.5), and assume that Axiom ii) holds. Then
there exists an entropy function for G. Moreover, Sa(E), E ∈ R

q
+,

and Sr(E), E ∈ R
q
+, are possible entropy functions for G with Sa(0) =

Sr(0) = 0. Finally, all entropy functions S(E), E ∈ R
q
+, for G satisfy

Sr(E) ≤ S(E) − S(0) ≤ Sa(E), E ∈ R
q
+. (3.32)

Proof. Since, by Lemma 3.1, G is controllable to and reachable
from the origin in R

q
+, it follows from (3.30) and (3.31) that Sa(E0) <

∞, E0 ∈ R
q
+, and Sr(E0) > −∞, E0 ∈ R

q
+, respectively. Next, let

E0 ∈ R
q
+, and let S(·) ∈ U be such that E(ti) = E(tf) = 0 and

E(t0) = E0, where ti < t0 < tf . In this case, it follows from (3.26)
that

∫ tf

ti

q∑

i=1

Si(t) − σii(E(t))

c + Ei(t)
dt ≤ 0 (3.33)

or, equivalently,
∫ t0

ti

q∑

i=1

Si(t) − σii(E(t))

c + Ei(t)
dt ≤ −

∫ tf

t0

q∑

i=1

Si(t) − σii(E(t))

c + Ei(t)
dt. (3.34)

Now, taking the supremum on both sides of (3.34) over all S(·) ∈ Ur

and ti ≤ t0 yields

Sr(E0) = sup
S(·)∈Ur, ti≤t0

∫ t0

ti

q∑

i=1

Si(t) − σii(E(t))

c + Ei(t)
dt

≤−

∫ tf

t0

q∑

i=1

Si(t) − σii(E(t))

c + Ei(t)
dt. (3.35)
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Next, taking the infimum on both sides of (3.35) over all S(·) ∈ Uc

and tf ≥ t0, we obtain Sr(E0) ≤ Sa(E0), E0 ∈ R
q
+, which implies that

−∞ < Sr(E0) ≤ Sa(E0) < ∞, E0 ∈ R
q
+. Hence, the functions Sa(·)

and Sr(·) are well defined.
Next, it follows from the definition of Sa(·) that for any T ≥ t1 and

S(·) ∈ Uc such that E(t1) ∈ R
q
+ and E(T ) = 0,

−Sa(E(t1))≥

∫ t2

t1

q∑

i=1

Si(t) − σii(E(t))

c + Ei(t)
dt

+

∫ T

t2

q∑

i=1

Si(t) − σii(E(t))

c + Ei(t)
dt, t1 ≤ t2 ≤ T, (3.36)

and hence,

−Sa(E(t1))≥

∫ t2

t1

q∑

i=1

Si(t) − σii(E(t))

c + Ei(t)
dt

+ sup
S(·)∈Uc, T≥t2

∫ T

t2

q∑

i=1

Si(t) − σii(E(t))

c + Ei(t)
dt

=

∫ t2

t1

q∑

i=1

Si(t) − σii(E(t))

c + Ei(t)
dt − Sa(E(t2)), (3.37)

which implies that Sa(E), E ∈ R
q
+, satisfies (3.29). Thus, Sa(E), E ∈

R
q
+, is a possible entropy function for G. Note that with E(t0) =

E(T ) = 0 it follows from (3.26) that the supremum in (3.30) is taken
over the set of negative semi-definite values with one of the values
being zero for S(t) ≡ 0. Thus, Sa(0) = 0.

Similarly, it follows from the definition of Sr(·) that for any T ≥ −t2
and S(·) ∈ Ur such that E(t2) ∈ R

q
+ and E(−T ) = 0,

Sr(E(t2))≥

∫ t1

−T

q∑

i=1

Si(t) − σii(E(t))

c + Ei(t)
dt

+

∫ t2

t1

q∑

i=1

Si(t) − σii(E(t))

c + Ei(t)
dt, −T ≤ t1 ≤ t2, (3.38)

and hence,

Sr(E(t2))≥

∫ t2

t1

q∑

i=1

Si(t) − σii(E(t))

c + Ei(t)
dt
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+ sup
S(·)∈Ur, T≥−t1

∫ t1

−T

q∑

i=1

Si(t) − σii(E(t))

c + Ei(t)
dt

=

∫ t2

t1

q∑

i=1

Si(t) − σii(E(t))

c + Ei(t)
dt + Sr(E(t1)), (3.39)

which implies that Sr(E), E ∈ R
q
+, satisfies (3.29). Thus, Sr(E), E ∈

R
q
+, is a possible entropy function for G. Note that with E(t0) =

E(−T ) = 0 it follows from (3.26) that the supremum in (3.31) is
taken over the set of negative semi-definite values with one of the
values being zero for S(t) ≡ 0. Thus, Sr(0) = 0.

Next, suppose there exists an entropy function S : R
q
+ → R for G,

and let E(t2) = 0 in (3.29). Then it follows from (3.29) that

S(E(t1)) − S(0) ≤ −

∫ t2

t1

q∑

i=1

Si(t) − σii(E(t))

c + Ei(t)
dt, (3.40)

for all t2 ≥ t1 and S(·) ∈ Uc, which implies that

S(E(t1)) − S(0)≤ inf
S(·)∈Uc, t2≥t1

[

−

∫ t2

t1

q∑

i=1

Si(t) − σii(E(t))

c + Ei(t)
dt

]

=− sup
S(·)∈Uc, t2≥t1

∫ t2

t1

q∑

i=1

Si(t) − σii(E(t))

c + Ei(t)
dt

=Sa(E(t1)). (3.41)

Since E(t1) is arbitrary, it follows that S(E)−S(0) ≤ Sa(E), E ∈ R
q
+.

Alternatively, let E(t1) = 0 in (3.29). Then it follows from (3.29) that

S(E(t2)) − S(0) ≥

∫ t2

t1

q∑

i=1

Si(t) − σii(E(t))

c + Ei(t)
dt (3.42)

for all t1 ≤ t2 and S(·) ∈ Ur. Hence,

S(E(t2)) − S(0)≥ sup
S(·)∈Ur, t1≤t2

∫ t2

t1

q∑

i=1

Si(t) − σii(E(t))

c + Ei(t)
dt

=Sr(E(t2)), (3.43)

which, since E(t2) is arbitrary, implies that Sr(E) ≤ S(E)−S(0), E ∈
R

q
+. Thus, all entropy functions for G satisfy (3.32).
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It is important to note that inequality (3.26) is equivalent to the
existence of an entropy function for G. Sufficiency is simply a state-
ment of Theorem 3.2, while necessity follows from (3.29) with E(t2) =
E(t1). This definition of entropy leads to the second law of thermo-
dynamics being viewed as an axiom in the context of (anti)cyclo-
dissipative dynamical systems [52, 101, 102]. A similar remark holds
for the definition of ectropy introduced in Section 3.4. The next result
shows that all entropy functions for G are continuous on R

q
+.

Theorem 3.3 Consider the large-scale dynamical system G with pow-
er balance equation (3.5), and let S : R

q
+ → R be an entropy function

of G. Then S(·) is continuous on R
q
+.

Proof. Let Ee ∈ R
q
+ and Se ∈ R

q be such that Se = d(Ee)−w(Ee).
Note that with S(t) ≡ Se, Ee is an equilibrium point of the power
balance equation (3.5). Next, it follows from Lemma 3.1 that G is
locally controllable, that is, for every T > 0 and ε > 0, the set of points
that can be reached from and to Ee in time T using admissible inputs
S : [0, T ] → R

q, satisfying ‖S(t)−Se‖ < ε, contains a neighborhood of
Ee. Alternatively, this can be shown by considering the linearization
of (3.5) at E = Ee and S = Se given by

Ė(t) = A(E(t) − Ee) + B(S(t) − Se), E(t0) = E0, t ≥ t0, (3.44)

where A = ∂w(E)
∂E

∣
∣
∣
E=Ee

− ∂d(E)
∂E

∣
∣
∣
E=Ee

and B = Iq. Since B = Iq, it

follows that

rank [B, AB, A2B, ..., Aq−1B] = q, (3.45)

and hence, the linearized system (3.44) is controllable. Thus, it follows
from Proposition 3.3 of [76] that G is locally controllable.

Next, let δ > 0 and note that it follows from the continuity of
w(·) and d(·) that there exist T > 0 and ε > 0 such that for every
S : [0, T ) → R

q and ‖S(t) − Se‖ < ε, ‖E(t) − Ee‖ < δ, t ∈ [0, T ),
where S(·) ∈ U and E(t), t ∈ [0, T ), denotes the solution to (3.5)
with the initial condition Ee. Furthermore, it follows from the local
controllability of G that for every T̂ ∈ (0, T ], there exists a strictly
increasing, continuous function γ : R → R

q
+ such that γ(0) = 0, and

for every E0 ∈ R
q
+ such that ‖E0 −Ee‖ ≤ γ(T̂ ), there exists t̂ ∈ [0, T̂ ]

and an input S : [0, T̂ ] → R
q such that ‖S(t)−Se‖ < ε, t ∈ [0, t̂), and

E(t̂) = E0. Hence, there exists β > 0 such that for every E0 ∈ R
q
+ such

that ‖E0 −Ee‖ ≤ β, there exists t̂ ∈ [0, γ−1(‖E0 −Ee‖)] and an input
S : [t0, t̂] → R

q such that ‖S(t) − Se‖ < ε, t ∈ [0, t̂], and E(t̂) = E0.
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In addition, it follows from Lemma 3.1 that S : [0, t̂] → R
q is such

that E(t) ≥≥ 0, t ∈ [0, t̂].
Next, since σii(·), i = 1, . . . , q, is continuous, it follows that there

exists M ∈ (0,∞) such that

sup
‖E−Ee‖<δ, ‖S−Se‖<ε

∣
∣
∣
∣
∣

q∑

i=1

Si − σii(E)

c + Ei

∣
∣
∣
∣
∣
= M. (3.46)

Hence, it follows that
∣
∣
∣
∣
∣

∫ t̂

0

q∑

i=1

Si(σ) − σii(E(σ))

c + Ei(σ)
dσ

∣
∣
∣
∣
∣
≤

∫ t̂

0

∣
∣
∣
∣
∣

q∑

i=1

Si(σ) − σii(E(σ))

c + Ei(σ)

∣
∣
∣
∣
∣
dσ

≤Mt̂

≤Mγ−1(‖E0 − Ee‖). (3.47)

Now, if S(·) is an entropy function of G, then

S(E(t̂)) ≥ S(Ee) +

∫ t̂

0

q∑

i=1

Si(σ) − σii(E(σ))

c + Ei(σ)
dσ (3.48)

or, equivalently,

−

∫ t̂

0

q∑

i=1

Si(σ) − σii(E(σ))

c + Ei(σ)
dσ ≥ S(Ee) − S(E(t̂)). (3.49)

If S(Ee) ≥ S(E(t̂)), then combining (3.47) and (3.49) yields

|S(Ee) − S(E(t̂))| ≤ Mγ−1(‖E0 − Ee‖). (3.50)

Alternatively, if S(E(t̂)) ≥ S(Ee), then (3.50) can be derived by re-
versing the roles of Ee and E(t̂). In particular, using the fact that G
is locally controllable from and to Ee or, alternatively, that control-
lability of (3.44) is equivalent to controllability of the linearization of
the time-reversed system

Ė(t) = −A(E(t) − Ee) − B(S(t) − Se), E(t0) = E0, t ≥ t0,(3.51)

similar arguments can be used to show that the set of points that
can be steered in small time to Ee contains a neighborhood of E(t̂).
Hence, since γ(·) is continuous and E(t̂) is arbitrary, it follows that
S(·) is continuous on R

q
+.

Next, as a direct consequence of Theorem 3.2, we show that all
possible entropy functions of G form a convex set, and hence, there
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exists a continuum of possible entropy functions for G ranging from
the required entropy supply Sr(E) to the available entropy Sa(E).

Proposition 3.3 Consider the large-scale dynamical system G with
power balance equation (3.5), and assume that Axioms i) and ii) hold.
Then

S(E) � αSr(E) + (1 − α)Sa(E), α ∈ [0, 1], (3.52)

is an entropy function for G.

Proof. The result is a direct consequence of the reachability of G
along with inequality (3.29) by noting that if Sr(E) and Sa(E) satisfy
(3.29), then S(E) satisfies (3.29).

It follows from Proposition 3.3 that Definition 3.2 does not provide
enough information to define the entropy uniquely for nonequilibrium
thermodynamic systems with power balance equation (3.5). This dif-
ficulty has long been pointed out in [73]. Two particular entropy
functions for G can be computed a priori via the variational prob-
lems given by (3.30) and (3.31). For equilibrium thermodynamics,
however, uniqueness is not an issue, as shown in the next proposition.

Proposition 3.4 Consider the large-scale dynamical system G with
power balance equation (3.5), and assume that Axioms i) and ii) hold.
Then at every equilibrium state E = Ee of the isolated system G,
the entropy S(E), E ∈ R

q
+, of G is unique (modulo a constant of

integration) and is given by

S(E) − S(0) =Sa(E) = Sr(E) = eTloge(ce + E) − q loge c, (3.53)

where E = Ee and loge(ce + E) denotes the vector natural logarithm
given by [loge(c + E1), ..., loge(c + Eq)]

T.

Proof. It follows from Axiom i) that for an equilibrium process
φij(E(t)) ≡ 0, i �= j, i, j = 1, ..., q. Consider the entropy function
Sa(·) given by (3.30), and let E0 = Ee for some equilibrium state Ee.
Then it follows from (3.5) that

Sa(E0) =− sup
S(·)∈Uc, T≥t0

∫ T

t0

q∑

i=1

Ėi(t) −
∑q

j=1,j �=i φij(E(t))

c + Ei(t)
dt

=− sup
S(·)∈Uc, T≥t0




q∑

i=1

loge

(
c

c + Ei0

)
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−

∫ T

t0

q∑

i=1

q∑

j=1,j �=i

φij(E(t))

c + Ei(t)
dt





=

q∑

i=1

loge

(
c + Ei0

c

)

+ inf
S(·)∈Uc, T≥t0

∫ T

t0

q∑

i=1

q∑

j=1,j �=i

φij(E(t))

c + Ei(t)
dt

=

q∑

i=1

loge

(
c + Ei0

c

)

+ inf
S(·)∈Uc, T≥t0

∫ T

t0

q∑

i=1

q∑

j=i+1

[
φij(E(t))

c + Ei(t)
−

φij(E(t))

c + Ej(t)

]

dt

=

q∑

i=1

loge

(
c + Ei0

c

)

+ inf
S(·)∈Uc, T≥t0

∫ T

t0

q∑

i=1

q∑

j=i+1

φij(E(t))(Ej(t) − Ei(t))

(c + Ei(t))(c + Ej(t))
dt.

(3.54)

Since the solution E(t), t ≥ t0, to (3.5) is nonnegative for all nonneg-
ative initial conditions, it follows from Axiom ii) that the infimum in
(3.54) is taken over the set of nonnegative values. However, the zero
value of the infimum is achieved on an equilibrium process for which
φij(E(t)) ≡ 0, i �= j, i, j = 1, ..., q. Thus,

Sa(E0) = eTloge(ce + E0) − q loge c, E0 = Ee. (3.55)

Similarly, consider the entropy function Sr(·) given by (3.31). Then,
it follows from (3.5) that, for E0 = Ee,

Sr(E0) = sup
S(·)∈Ur, T≥−t0

∫ t0

−T

q∑

i=1

Ėi(t) −
∑q

j=1,j �=i φij(E(t))

c + Ei(t)
dt

= sup
S(·)∈Ur, T≥−t0




q∑

i=1

loge

(
c + Ei0

c

)

−

∫ t0

−T

q∑

i=1

q∑

j=1,j �=i

φij(E(t))

c + Ei(t)
dt





=

q∑

i=1

loge

(
c + Ei0

c

)
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− inf
S(·)∈Ur, T≥−t0

∫ t0

−T

q∑

i=1

q∑

j=1,j �=i

φij(E(t))

c + Ei(t)
dt

=

q∑

i=1

loge

(
c + Ei0

c

)

− inf
S(·)∈Ur, T≥−t0

∫ t0

−T

q∑

i=1

q∑

j=i+1

[
φij(E(t))

c + Ei(t)
−

φij(E(t))

c + Ej(t)

]

dt

=

q∑

i=1

loge

(
c + Ei0

c

)

− inf
S(·)∈Ur, T≥−t0

∫ t0

−T

q∑

i=1

q∑

j=i+1

φij(E(t))(Ej(t) − Ei(t))

(c + Ei(t))(c + Ej(t))
dt.

(3.56)

Now, it follows from Axioms i) and ii) that the zero value of the
infimum in (3.56) is achieved on an equilibrium process and thus

Sr(E0) = eTloge(ce + E0) − q loge c, E0 = Ee. (3.57)

Finally, it follows from (3.32) that (3.53) holds.

The next proposition shows that if (3.29) holds as an equality for
some transformation starting and ending at an equilibrium point of
the isolated dynamical system G, then this transformation must lie on
the equilibrium manifold Me.

Proposition 3.5 Consider the large-scale dynamical system G with
power balance equation (3.5), and assume that Axioms i) and ii) hold.
Let S(·) denote an entropy of G, and let E : [t0, t1] → R

q
+ denote the

solution to (3.5) with E(t0) = α0e and E(t1) = α1e, where α0, α1 ≥ 0.
Then

S(E(t1)) = S(E(t0)) +

∫ t1

t0

q∑

i=1

Si(t) − σii(E(t))

c + Ei(t)
dt (3.58)

if and only if there exists a continuous function α : [t0, t1] → R+ such
that α(t0) = α0, α(t1) = α1, and E(t) = α(t)e, t ∈ [t0, t1].

Proof. Since E(t0) and E(t1) are equilibrium states of the isolated
dynamical system G, it follows from Proposition 3.4 that

S(E(t1)) − S(E(t0)) = q loge(c + α1) − q loge(c + α0). (3.59)
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Furthermore, it follows from (3.5) that

∫ t1

t0

q∑

i=1

Si(t) − σii(E(t))

c + Ei(t)
dt

=

∫ t1

t0

q∑

i=1

Ėi(t) −
∑q

j=1,j �=i φij(E(t))

c + Ei(t)
dt

= q loge

(
c + α1

c + α0

)

−

∫ t1

t0

q∑

i=1

q∑

j=i+1

φij(E(t))(Ej(t) − Ei(t))

(c + Ei(t))(c + Ej(t))
dt. (3.60)

Now, it follows from Axioms i) and ii) that (3.58) holds if and only
if Ei(t) = Ej(t), t ∈ [t0, t1], i �= j, i, j = 1, ..., q, or, equivalently, there
exists a continuous function α : [t0, t1] → R+ such that E(t) = α(t)e,
t ∈ [t0, t1], α(t0) = α0, and α(t1) = α1.

Even though it follows from Proposition 3.3 that Definition 3.2 does
not provide a unique continuous entropy function for nonequilibrium
systems, the next theorem gives a unique, continuously differentiable
entropy function for G for equilibrium and nonequilibrium processes.
This result answers the long-standing question of how the entropy of a
nonequilibrium state of a dynamical process should be defined [63,73],
and establishes its global existence and uniqueness.

Theorem 3.4 Consider the large-scale dynamical system G with pow-
er balance equation (3.5), and assume that Axioms i) and ii) hold.
Then the function S : R

q
+ → R

q
+ given by

S(E) = eTloge(ce + E) − q loge c, E ∈ R
q
+, (3.61)

where c > 0, is a unique (modulo a constant of integration), contin-
uously differentiable entropy function of G. Furthermore, for E(t) �∈
Me, t ≥ t0, where E(t), t ≥ t0, denotes the solution to (3.5) and
Me = {E ∈ R

q
+ : E = αe, α ≥ 0}, (3.61) satisfies

S(E(t2)) > S(E(t1)) +

∫ t2

t1

q∑

i=1

Si(t) − σii(E(t))

c + Ei(t)
dt (3.62)

for any t2 ≥ t1 ≥ t0 and S(·) ∈ U .
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Proof. Since, by Proposition 3.1, E(t) ≥≥ 0, t ≥ t0, and φij(E) =

−φji(E), E ∈ R
q
+, i �= j, i, j = 1, ..., q, it follows that

Ṡ(E(t)) =

q∑

i=1

Ėi(t)

c + Ei(t)

=

q∑

i=1



Si(t) − σii(E(t))

c + Ei(t)
+

q∑

j=1, j �=i

φij(E(t))

c + Ei(t)





=

q∑

i=1



Si(t) − σii(E(t))

c + Ei(t)
+

q∑

j=i+1

(
φij(E(t))

c + Ei(t)
−

φij(E(t))

c + Ej(t)

)




=

q∑

i=1

Si(t) − σii(E(t))

c + Ei(t)
+

q∑

i=1

q∑

j=i+1

φij(E(t))(Ej(t) − Ei(t))

(c + Ei(t))(c + Ej(t))

≥

q∑

i=1

Si(t) − σii(E(t))

c + Ei(t)
, t ≥ t0. (3.63)

Now, integrating (3.63) over [t1, t2] yields (3.29). Furthermore, in the
case where E(t) �∈ Me, t ≥ t0, it follows from Axiom i), Axiom ii),
and (3.63) that (3.62) holds.

To show that (3.61) is a unique, continuously differentiable entropy
function of G, let S(E) be a continuously differentiable entropy func-
tion of G so that S(E) satisfies (3.29) or, equivalently,

Ṡ(E(t)) ≥ µT(E(t))[S(t) − d(E(t))], t ≥ t0, (3.64)

where µT(E) = [ 1
c+E1

, ..., 1
c+Eq

], E ∈ R
q
+, E(t), t ≥ t0, denotes the

solution to the power balance equation (3.5), and Ṡ(E(t)) denotes
the time derivative of S(E) along the solution E(t), t ≥ t0. Hence, it
follows from (3.64) that

S ′(E)[w(E) − d(E) + S]≥µT(E)[S − d(E)], E ∈ R
q
+, S ∈ R

q,

(3.65)

which implies that there exist continuous functions � : R
q
+ → R

p and

W : R
q
+ → R

p×q such that

0 =S ′(E)[w(E) − d(E) + S] − µT(E)[S − d(E)]

−[�(E) + W(E)S]T[�(E) + W(E)S], E ∈ R
q
+, S ∈ R

q.

(3.66)
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Now, equating coefficients of equal powers (of S), it follows that W(E)
≡ 0, S ′(E) = µT(E), E ∈ R

q
+, and

0 = S ′(E)w(E) − �T(E)�(E), E ∈ R
q
+. (3.67)

Hence, S(E) = eTloge(ce + E) − q loge c, E ∈ R
q
+, and

0 = µT(E)w(E) − �T(E)�(E), E ∈ R
q
+. (3.68)

Thus, (3.61) is a unique, continuously differentiable entropy function
for G.

Note that it follows from Axiom i), Axiom ii), and the last equal-
ity in (3.63) that the entropy function given by (3.61) satisfies (3.29)
as an equality for an equilibrium process and as a strict inequality
for a nonequilibrium process. Hence, it follows from Theorem 2.15
that the isolated (i.e., S(t) ≡ 0 and d(E) ≡ 0) large-scale dynamical
system G does not exhibit Poincaré recurrence in R

q
+ \Me. Further-

more, for any entropy function of G, it follows from Proposition 3.5
that if (3.29) holds as an equality for some transformation starting
and ending at equilibrium points of the isolated system G, then this
transformation must lie on the equilibrium manifold Me. However,
(3.29) may hold as an equality for nonequilibrium processes starting
and ending at nonequilibrium states. The entropy expression given
by (3.61) is identical in form to the Boltzmann entropy for statistical
thermodynamics. Due to the fact that the entropy given by (3.61) is
indeterminate to the extent of an additive constant, we can place the
constant of integration q loge c to zero by taking c = 1. Since S(E)
given by (3.61) achieves a maximum when all the subsystem energies
Ei, i = 1, ..., q, are equal, the entropy of G can be thought of as a
measure of the tendency of a system to lose the ability to do useful
work, lose order, and settle to a more homogenous state.

Recalling that dQi(t) = [Si(t) − σii(E(t))]dt, i = 1, ..., q, is the
infinitesimal amount of the net heat received or dissipated by the ith
subsystem of G over the infinitesimal time interval dt, it follows from
(3.29) that

dS(E(t)) ≥

q∑

i=1

dQi(t)

c + Ei(t)
, t ≥ t0. (3.69)

Inequality (3.69) is analogous to the classical thermodynamic inequal-
ity for the variation of entropy during an infinitesimal irreversible
transformation with the shifted subsystem energies c+Ei playing the
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role of the ith subsystem thermodynamic (absolute) temperatures.
Specifically, note that since dSi

dEi
= 1

c+Ei
, where Si = loge(c+Ei)−loge c

denotes the unique continuously differentiable ith subsystem entropy,
it follows that dSi

dEi
, i = 1, ..., q, defines the reciprocal of the subsystem

thermodynamic temperatures. That is,

1

Ti
�

dSi

dEi
(3.70)

and Ti > 0, i = 1, ..., q. Hence, in our formulation, temperature is
a function derived from entropy and does not involve the primitive
subjective notions of hotness and coldness.

It is important to note that in this chapter we view subsystem tem-
peratures to be synonymous with subsystem energies. Even though
this does not limit the generality of our theory from a mathematical
perspective, it can be physically limiting since it does not allow for
the consideration of two subsystems of G having the same stored en-
ergy with one of the subsystems being at a higher temperature (i.e.,
hotter) than the other. This, however, can be easily addressed by
assigning different specific heats (i.e., thermal capacities) for each of
the compartments of the large-scale system G as shown in Chapter 4.

Finally, using the system entropy function given by (3.61), we show
that our large-scale dynamical system G with power balance equation
(3.5) is state irreversible for every nontrivial (nonequilibrium) trajec-
tory of G. For this result, let W[t0,t1] denote the set of all possible
energy trajectories of G over the time interval [t0, t1] given by

W[t0,t1] � {sE : [t0, t1] × U → R
q
+ : sE(·, S(·)) satisfies (3.5)}, (3.71)

and let Me ⊂ R
q
+ denote the set of equilibria of the isolated system

G given by Me = {E ∈ R
q
+ : αe, α ≥ 0}.

Theorem 3.5 Consider the large-scale dynamical system G with pow-
er balance equation (3.5), and assume Axioms i) and ii) hold. Fur-
thermore, let sE(·, S(·)) ∈ W[t0,t1], where S(·) ∈ U . Then sE(·, S(·))

is an Iq-reversible trajectory of G if and only if sE(t, S(t)) ∈ Me,
t ∈ [t0, t1].

Proof. First, note that it follows from Theorem 3.4 that if E(t)
�∈ Me, t ≥ t0, then there exists an entropy function S(E), E ∈
R

q
+, for G such that (3.62) holds. Now, sufficiency follows as a di-

rect consequence of Theorem 2.7 with R = Iq, V (z) = S(E), and

r(u, y) = r(S, d(E)) =
∑q

i=1
Si−σii(E)

c+Ei
. To show necessity, assume
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that sE(t, S(t)) ∈ Me, t ∈ [t0, t1]. In this case, it can be shown that
S(t) = d(E(t)) + u(t), t ≥ t0, where u(·) ∈ U is such that ui(t) ≡
uj(t), i �= j, i, j = 1, ..., q. Now, with S−(t) = d(E(t)) + u−(t), t ≥ t0,
where u−(t) = −u(t1 + t0 − t), t ∈ [t0, t1], it follows that sE(t, S(t)) is
an Iq-reversible trajectory of G.

Theorem 3.5 establishes an equivalence between (non)equilibrium
and state (ir)reversible thermodynamic systems. Furthermore, The-
orem 3.5 shows that for every E0 �∈ Me, the large-scale dynamical
system G is state irreversible. In addition, since state irrecoverability
implies state irreversibility and, by Theorem 3.5, state irreversibil-
ity is equivalent to E(t) �∈ Me, t ≥ t0, it follows from Theorem 2.8
that state (ir)reversibility and state (ir)recoverability are equivalent
for our thermodynamically consistent large-scale dynamical system
G. Hence, in the remainder of the monograph we use the notions
of (non)equilibrium, state (ir)reversible, and state (ir)recoverable dy-
namical processes interchangeably.

3.4 Ectropy

In this section, we introduce a new and dual notion to entropy, namely,
ectropy, describing the status quo of the large-scale dynamical system
G. First, however, we present a dual inequality to inequality (3.26)
that holds for our thermodynamically consistent energy flow model
over cyclic motions.

Proposition 3.6 Consider the large-scale dynamical system G with
power balance equation (3.5), and assume that Axioms i) and ii) hold.
Then for all E0 ∈ R

q
+, tf ≥ t0, and S(·) ∈ U such that E(tf) = E(t0) =

E0,

∫ tf

t0

q∑

i=1

Ei(t)[Si(t) − σii(E(t))]dt =

∮ q∑

i=1

Ei(t)dQi(t) ≥ 0, (3.72)

where E(t), t ≥ t0, is the solution to (3.5) with initial condition
E(t0) = E0. Furthermore,

∮ q∑

i=1

Ei(t)dQi(t) = 0 (3.73)

if and only if there exists a continuous function α : [t0, tf ] → R+ such
that E(t) = α(t)e, t ∈ [t0, tf ].
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Proof. Since, by Proposition 3.1, E(t) ≥≥ 0, t ≥ t0, and φij(E) =

−φji(E), E ∈ R
q
+, i �= j, i, j = 1, ..., q, it follows from (3.5) and Axiom

ii) that

∮ q∑

i=1

Ei(t)dQi(t) =

∫ tf

t0

q∑

i=1

Ei(t)[Ėi(t) −

q∑

j=1, j �=i

φij(E(t))]dt

= 1
2ET(tf)E(tf) −

1
2ET(t0)E(t0)

−

∫ tf

t0

q∑

i=1

q∑

j=1, j �=i

Ei(t)φij(E(t))dt

=−

∫ tf

t0

q∑

i=1

q∑

j=i+1

φij(E(t))[Ei(t) − Ej(t)]dt

≥ 0, (3.74)

which proves (3.72).
To show (3.73), note that it follows from (3.74), Axiom i), and

Axiom ii) that (3.73) holds if and only if Ei(t) = Ej(t), i �= j, i, j =
1, ..., q, or, equivalently, there exists a continuous function α : [t0, tf ] →
R+ such that E(t) = α(t)e, t ∈ [t0, tf ].

Inequality (3.72) is an anti–Clausius inequality and restricts the
manner in which the system absorbs (scaled) heat over cyclic mo-
tions. Note that inequality (3.72) is satisfied as an equality for an
equilibrium process and as a strict inequality for a nonequilibrium
process. Next, we present the definition of ectropy for the large-scale
dynamical system G.

Definition 3.3 For the large-scale dynamical system G with power
balance equation (3.5), a function E : R

q
+ → R satisfying

E(E(t2)) ≤ E(E(t1)) +

∫ t2

t1

q∑

i=1

Ei(t)[Si(t) − σii(E(t))]dt (3.75)

for any t2 ≥ t1 ≥ t0 and S(·) ∈ U is called the ectropy function of G.

For the next result, define the available ectropy of the large-scale
dynamical system G by

Ea(E0) � − inf
S(·)∈Uc, T≥t0

∫ T

t0

q∑

i=1

Ei(t)[Si(t) − σii(E(t))]dt, (3.76)
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where E(t0) = E0 ∈ R
q
+ and E(T ) = 0, and define the required ectropy

supply of the large-scale dynamical system G by

Er(E0) � inf
S(·)∈Ur, T≥−t0

∫ t0

−T

q∑

i=1

Ei(t)[Si(t) − σii(E(t))]dt, (3.77)

where E(−T ) = 0 and E(t0) = E0 ∈ R
q
+. Note that the available

ectropy Ea(E0) is the maximum amount of scaled heat (ectropy) that
can be extracted from the large-scale dynamical system G in order to
transfer it from an initial state E(t0) = E0 to E(T ) = 0. Alternatively,
the required ectropy supply Er(E0) is the minimum amount of scaled
heat (ectropy) that can be delivered to G to transfer it from an initial
state E(−T ) = 0 to a given state E(t0) = E0.

Theorem 3.6 Consider the large-scale dynamical system G with pow-
er balance equation (3.5), and assume that Axiom ii) holds. Then
there exists an ectropy function for G. Moreover, Ea(E), E ∈ R

q
+,

and Er(E), E ∈ R
q
+, are possible ectropy functions for G with Ea(0) =

Er(0) = 0. Finally, all ectropy functions E(E), E ∈ R
q
+, for G satisfy

Ea(E) ≤ E(E) − E(0) ≤ Er(E), E ∈ R
q
+. (3.78)

Proof. Since, by Lemma 3.1, G is controllable to and reachable
from the origin in R

q
+, it follows from (3.76) and (3.77) that Ea(E0) >

−∞, E0 ∈ R
q
+, and Er(E0) < ∞, E0 ∈ R

q
+, respectively. Next, let

E0 ∈ R
q
+, and let S(·) ∈ U be such that E(ti) = E(tf) = 0 and

E(t0) = E0, where ti < t0 < tf . In this case, it follows from (3.72)
that

∫ tf

ti

q∑

i=1

Ei(t)[Si(t) − σii(E(t))]dt ≥ 0 (3.79)

or, equivalently,
∫ t0

ti

q∑

i=1

Ei(t)[Si(t) − σii(E(t))]dt

≥ −

∫ tf

t0

q∑

i=1

Ei(t)[Si(t) − σii(E(t))]dt. (3.80)

Now, taking the infimum on both sides of (3.80) over all S(·) ∈ Ur

and ti ≤ t0 yields

Er(E0) = inf
S(·)∈Ur, ti≤t0

∫ t0

ti

q∑

i=1

Ei(t)[Si(t) − σii(E(t))]dt
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≥−

∫ tf

t0

q∑

i=1

Ei(t)[Si(t) − σii(E(t))]dt. (3.81)

Next, taking the supremum on both sides of (3.81) over all S(·) ∈ Uc

and tf ≥ t0, we obtain Er(E0) ≥ Ea(E0), E0 ∈ R
q
+, which implies that

−∞ < Ea(E0) ≤ Er(E0) < ∞, E0 ∈ R
q
+. Hence, the functions Ea(·)

and Er(·) are well defined.
Next, it follows from the definition of Ea(·) that, for any T ≥ t1 and

S(·) ∈ Uc such that E(t1) ∈ R
q
+ and E(T ) = 0,

−Ea(E(t1))≤

∫ t2

t1

q∑

i=1

Ei(t)[Si(t) − σii(E(t))]dt

+

∫ T

t2

q∑

i=1

Ei(t)[Si(t) − σii(E(t))]dt, t1 ≤ t2 ≤ T,

(3.82)

and hence,

−Ea(E(t1))≤

∫ t2

t1

q∑

i=1

Ei(t)[Si(t) − σii(E(t))]dt

+ inf
S(·)∈Uc, T≥t2

∫ T

t2

q∑

i=1

Ei(t)[Si(t) − σii(E(t))]dt

=

∫ t2

t1

q∑

i=1

Ei(t)[Si(t) − σii(E(t))]dt − Ea(E(t2)), (3.83)

which implies that Ea(E), E ∈ R
q
+, satisfies (3.75). Thus, Ea(E), E ∈

R
q
+, is a possible ectropy function for G. Note that with E(t0) =

E(T ) = 0 it follows from (3.72) that the infimum in (3.76) is taken
over the set of nonnegative values with one of the values being zero
for S(t) ≡ 0. Thus, Ea(0) = 0.

Similarly, it follows from the definition of Er(·) that, for any T ≥ −t2
and S(·) ∈ Ur such that E(t2) ∈ R

q
+ and E(−T ) = 0,

Er(E(t2))≤

∫ t1

−T

q∑

i=1

Ei(t)[Si(t) − σii(E(t))]dt

+

∫ t2

t1

q∑

i=1

Ei(t)[Si(t) − σii(E(t))]dt, −T ≤ t1 ≤ t2,

(3.84)
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and hence,

Er(E(t2))≤

∫ t2

t1

q∑

i=1

Ei(t)[Si(t) − σii(E(t))]dt

+ inf
S(·)∈Ur, T≥−t1

∫ t1

−T

q∑

i=1

Ei(t)[Si(t) − σii(E(t))]dt

=

∫ t2

t1

q∑

i=1

Ei(t)[Si(t) − σii(E(t))]dt + Er(E(t1)), (3.85)

which implies that Er(E), E ∈ R
q
+, satisfies (3.75). Thus, Er(E), E ∈

R
q
+, is a possible ectropy function for G. Note that with E(t0) =

E(−T ) = 0 it follows from (3.72) that the infimum in (3.77) is taken
over the set of nonnegative values with one of the values being zero
for S(t) ≡ 0. Thus, Er(0) = 0.

Next, suppose there exists an ectropy function E : R
q
+ → R for G,

and let E(t2) = 0 in (3.75). Then it follows from (3.75) that

E(E(t1)) − E(0) ≥ −

∫ t2

t1

q∑

i=1

Ei(t)[Si(t) − σii(E(t))]dt (3.86)

for all t2 ≥ t1 and S(·) ∈ Uc, which implies that

E(E(t1)) − E(0)≥ sup
S(·)∈Uc, t2≥t1

[

−

∫ t2

t1

q∑

i=1

Ei(t)[Si(t) − σii(E(t))]dt

]

=− inf
S(·)∈Uc, t2≥t1

∫ t2

t1

q∑

i=1

Ei(t)[Si(t) − σii(E(t))]dt

= Ea(E(t1)). (3.87)

Since E(t1) is arbitrary, it follows that E(E)−E(0) ≥ Ea(E), E ∈ R
q
+.

Alternatively, let E(t1) = 0 in (3.75). Then it follows from (3.75) that

E(E(t2)) − E(0) ≤

∫ t2

t1

q∑

i=1

Ei(t)[Si(t) − σii(E(t))]dt (3.88)

for all t1 ≤ t2 and S(·) ∈ Ur. Hence,

E(E(t2)) − E(0)≤ inf
S(·)∈Ur, t1≤t2

∫ t2

t1

q∑

i=1

Ei(t)[Si(t) − σii(E(t))]dt

= Er(E(t2)), (3.89)
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which, since E(t2) is arbitrary, implies that Er(E) ≥ E(E)−E(0), E ∈
R

q
+. Thus, all ectropy functions for G satisfy (3.78).

The next result shows that all ectropy functions for G are continuous
on R

q
+.

Theorem 3.7 Consider the large-scale dynamical system G with pow-
er balance equation (3.5), and let E : R

q
+ → R be an ectropy function

of G. Then E(·) is continuous on R
q
+.

Proof. The proof is identical to the proof of Theorem 3.3.

The next result is a direct consequence of Theorem 3.6.

Proposition 3.7 Consider the large-scale dynamical system G with
power balance equation (3.5), and assume that Axioms i) and ii) hold.
Then

E(E) � αEa(E) + (1 − α)Er(E), α ∈ [0, 1], (3.90)

is an ectropy function for G.

As in the case of entropy, in the next proposition we show that any
ectropy function for G has a unique form when evaluated on the set
of equilibria Me for the isolated large-scale dynamical system G.

Proposition 3.8 Consider the large-scale dynamical system G with
power balance equation (3.5), and assume that Axioms i) and ii) hold.
Then at every equilibrium state E = Ee of the isolated system G,
the ectropy E(E), E ∈ R

q
+, of G is unique (modulo a constant of

integration) and is given by

E(E) − E(0) = Ea(E) = Er(E) = 1
2ETE, E = Ee. (3.91)

Proof. It follows from Axiom i) that for an equilibrium process
φij(E(t)) ≡ 0, i �= j, i, j = 1, ..., q. Consider the ectropy function
Ea(·) given by (3.76), and let E0 = Ee for some equilibrium state Ee.
Then, it follows from (3.5) that

Ea(E0) =− inf
S(·)∈Uc, T≥t0

∫ T

t0

q∑

i=1

Ei(t)[Ėi(t) −

q∑

j=1,j �=i

φij(E(t))]dt

=− inf
S(·)∈Uc, T≥t0



−

q∑

i=1

1
2E2

i0
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−

∫ T

t0

q∑

i=1

q∑

j=1,j �=i

Ei(t)φij(E(t))dt





=

q∑

i=1

1
2E2

i0 + sup
S(·)∈Uc, T≥t0

∫ T

t0

q∑

i=1

q∑

j=1,j �=i

Ei(t)φij(E(t))dt

= 1
2ET

0 E0

+ sup
S(·)∈Uc, T≥t0

∫ T

t0

q∑

i=1

q∑

j=i+1

[Ei(t) − Ej(t)]φij(E(t))dt.

(3.92)

Since the solution E(t), t ≥ t0, to (3.5) is nonnegative for all nonnega-
tive initial conditions, it follows from Axiom ii) that the supremum in
(3.92) is taken over the set of negative semi-definite values. However,
the zero value of the supremum is achieved on an equilibrium process
for which φij(E(t)) ≡ 0, i �= j, i, j = 1, ..., q. Thus,

Ea(E0) = 1
2ET

0 E0, E0 = Ee. (3.93)

Similarly, it can be shown that Er(E) = 1
2ETE for E = Ee. Finally,

it follows from (3.78) that (3.91) holds.

The next proposition shows that if (3.75) holds as an equality for
some transformation starting and ending at equilibrium points of the
isolated system G, then this transformation must lie on the equilibrium
manifold Me.

Proposition 3.9 Consider the large-scale dynamical system G with
power balance equation (3.5), and assume that Axioms i) and ii) hold.
Let E(·) denote an ectropy of G, and let E : [t0, t1] → R

q
+ denote the

solution to (3.5) with E(t0) = α0e and E(t1) = α1e, where α0, α1 ≥ 0.
Then

E(E(t1)) = E(E(t0)) +

∫ t1

t0

q∑

i=1

Ei(t)[Si(t) − σii(E(t))]dt (3.94)

if and only if there exists a continuous function α : [t0, t1] → R+ such
that α(t0) = α0, α(t1) = α1, and E(t) = α(t)e, t ∈ [t0, t1].

Proof. Since E(t0) and E(t1) are equilibrium states of the isolated
dynamical system G, it follows from Proposition 3.8 that

E(E(t1)) − E(E(t0)) = 1
2ET(t1)E(t1) −

1
2ET(t0)E(t0). (3.95)
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Furthermore, it follows from (3.5) that

∫ t1

t0

q∑

i=1

Ei(t)[Si(t) − σii(E(t))]dt

=

∫ t1

t0

q∑

i=1

Ei(t)[Ėi(t) −

q∑

j=1,j �=i

φij(E(t))]dt

= 1
2qα2

1 −
1
2qα2

0

−

∫ t1

t0

q∑

i=1

q∑

j=i+1

φij(E(t))[Ei(t) − Ej(t)]dt. (3.96)

Now, it follows from Axioms i) and ii) that (3.94) holds if and only
if Ei(t) = Ej(t), t ∈ [t0, t1], i �= j, i, j = 1, ..., q, or, equivalently,
there exists a continuous function α : [t0, t1] → R+ such that E(t) =
α(t)e, t ∈ [t0, t1], α(t0) = α0, and α(t1) = α1.

The next theorem gives a unique, continuously differentiable ec-
tropy function for G for equilibrium and nonequilibrium processes.

Theorem 3.8 Consider the large-scale dynamical system G with pow-
er balance equation (3.5), and assume that Axioms i) and ii) hold.
Then the function E : R

q
+ → R+ given by

E(E) = 1
2ETE, E ∈ R

q
+, (3.97)

is a unique (modulo a constant of integration), continuously differen-
tiable ectropy function of G. Furthermore, for E(t) �∈ Me, t ≥ t0,
where E(t), t ≥ t0, denotes the solution to (3.5) and Me = {E ∈
R

q
+ : E = αe, α ≥ 0}, (3.97) satisfies

E(E(t2)) < E(E(t1)) +

∫ t2

t1

q∑

i=1

Ei(t)[Si(t) − σii(E(t))]dt (3.98)

for any t2 ≥ t1 ≥ t0 and S(·) ∈ U .

Proof. Since, by Proposition 3.1, E(t) ≥≥ 0, t ≥ t0, and φij(E) =

−φji(E), E ∈ R
q
+, i �= j, i, j = 1, ..., q, it follows that

Ė(E(t)) =

q∑

i=1

Ėi(t)Ei(t)

=

q∑

i=1

Ei(t)[Si(t) − σii(E(t))] +

q∑

i=1

q∑

j=1, j �=i

Ei(t)φij(E(t))
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=

q∑

i=1

Ei(t)[Si(t) − σii(E(t))]

+

q∑

i=1

q∑

j=i+1

[Ei(t) − Ej(t)]φij(E(t))

≤

q∑

i=1

Ei(t)[Si(t) − σii(E(t))], t ≥ t0. (3.99)

Now, integrating (3.99) over [t1, t2] yields (3.75). Furthermore, in the
case where E(t) �∈ Me, t ≥ t0, it follows from Axiom i), Axiom ii),
and (3.99) that (3.98) holds.

To show that (3.97) is a unique, continuously differentiable ectropy
function of G, let E(E) be a continuously differentiable ectropy func-
tion of G so that E(E) satisfies (3.75) or, equivalently,

Ė(E(t)) ≤ ET(t)[S(t) − d(E(t))], t ≥ t0, (3.100)

where E(t), t ≥ t0, denotes the solution to the power balance equa-
tion (3.5) and Ė(E(t)) denotes the time derivative of E(E) along the
solution E(t), t ≥ t0. Hence, it follows from (3.100) that

E ′(E)[w(E) − d(E) + S]≤ET[S − d(E)], E ∈ R
q
+, S ∈ R

q,

(3.101)

which implies that there exist continuous functions � : R
q
+ → R

p and

W : R
q
+ → R

p×q such that

0 = E ′(E)[w(E) − d(E) + S] − ET[S − d(E)]

+[�(E) + W(E)S]T[�(E) + W(E)S], E ∈ R
q
+, S ∈ R

q.

(3.102)

Now, equating coefficients of equal powers (of S), it follows that W(E)
≡ 0, E ′(E) = ET, E ∈ R

q
+, and

0 = E ′(E)w(E) + �T(E)�(E), E ∈ R
q
+. (3.103)

Hence, E(E) = 1
2ETE, E ∈ R

q
+, and

0 = ETw(E) + �T(E)�(E), E ∈ R
q
+. (3.104)

Thus, (3.97) is a unique, continuously differentiable ectropy function
for G.
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Note that it follows from the last equality in (3.99) that the ectropy
function given by (3.97) satisfies (3.75) as an equality for an equilib-
rium process and as a strict inequality for a nonequilibrium process.
Furthermore, it follows from (3.97) that ectropy is a measure of the
extent to which the system energy deviates from a homogeneous state.
Thus, ectropy is the dual of entropy and is a measure of the tendency
of the large-scale dynamical system G to do useful work and grow more
organized. Finally, we note that Theorem 3.5 can also be proven using
Theorem 3.8 along with Theorem 2.7, where the inequality in (2.24)
is reversed.

3.5 Semistability, Energy Equipartition, Irreversibility,

and the Arrow of Time

Inequality (3.29) is a generalization of Clausius’ inequality for equi-
librium and nonequilibrium thermodynamics as well as reversible and
irreversible thermodynamics as applied to large-scale dynamical sys-
tems, while inequality (3.75) is an anti–Clausius inequality. Moreover,
for the ectropy function defined by (3.97), inequality (3.99) shows that
a thermodynamically consistent large-scale dynamical system model
is dissipative [100] with respect to the supply rate ETS and with
storage function corresponding to the system ectropy E(E). For the
entropy function given by (3.61), note that S(0) = 0 or, equivalently,
limE→0 S(E) = 0, which is consistent with the third law of thermo-
dynamics (Nernst’s theorem), which states that the entropy of every
system at absolute zero can always be taken to be equal to zero.

For the (adiabatically) isolated large-scale dynamical system G,
(3.29) yields the fundamental inequality

S(E(t2)) ≥ S(E(t1)), t2 ≥ t1. (3.105)

Inequality (3.105) implies that, for any dynamical change in an adia-
batically isolated large-scale dynamical system G, the entropy of the
final state can never be less than the entropy of the initial state.
Inequality (3.105) is often identified with the second law of thermo-
dynamics as a statement about entropy increase. It is important to
stress that this result holds for an adiabatically isolated dynamical
system. It is, however, possible with power (heat flux) supplied from
an external system to reduce the entropy of the dynamical system
G. The entropy of both systems taken together, however, cannot de-
crease. These observations imply that when the isolated large-scale
dynamical system G with thermodynamically consistent energy flow
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characteristics (i.e., Axioms i) and ii) hold) is at a state of maximum
entropy consistent with its energy, it cannot be subject to any further
dynamical change since any such change would result in a decrease of
entropy. This of course implies that the state of maximum entropy is
the stable state of an isolated system, and this equilibrium state has
to be semistable.

Analogously, it follows from (3.75) that the isolated large-scale dy-
namical system G satisfies the fundamental inequality

E(E(t2)) ≤ E(E(t1)), t2 ≥ t1, (3.106)

which implies that the ectropy of the final state of G is always less
than or equal to the ectropy of the initial state of G. Hence, for the
isolated large-scale dynamical system G, the entropy increases if and
only if the ectropy decreases. Thus, the state of minimum ectropy is
the stable state of an isolated system, and this equilibrium state has to
be semistable. This result can also be used to show that the isolated
large-scale dynamical system G does not exhibit Poincaré recurrence.
The next theorem concretizes the above observations.

Theorem 3.9 Consider the large-scale dynamical system G with pow-
er balance equation (3.5) with S(t) ≡ 0 and d(E) ≡ 0, and assume
that Axioms i) and ii) hold. Then for every α ≥ 0, αe is a semistable
equilibrium state of (3.5). Furthermore, E(t) → 1

qee
TE(t0) as t → ∞

and 1
qee

TE(t0) is a semistable equilibrium state. Finally, if for some

k ∈ {1, ..., q}, σkk(E) ≥ 0, E ∈ R
q
+, and σkk(E) = 0 if and only

if Ek = 0,5 then the zero solution E(t) ≡ 0 to (3.5) is a globally
asymptotically stable equilibrium state of (3.5).

Proof. It follows from Axiom i) that αe ∈ R
q
+, α ≥ 0, is an

equilibrium state of (3.5). To show Lyapunov stability of the equilib-
rium state αe, consider the shifted-system ectropy function Es(E) =
1
2(E − αe)T(E − αe) as a Lyapunov function candidate. Now, since

φij(E) = −φji(E), E ∈ R
q
+, i �= j, i, j = 1, ..., q, and eTw(E) =

0, E ∈ R
q
+, it follows from Axiom ii) that

Ės(E) = (E − αe)TĖ

= (E − αe)Tw(E)

5The assumption σkk(E) ≥ 0, E ∈ R
q

+, and σkk(E) = 0 if and only if Ek = 0
for some k ∈ {1, ..., q} implies that if the kth subsystem possesses no energy, then
this subsystem cannot dissipate energy to the environment. Conversely, if the kth
subsystem does not dissipate energy to the environment, then this subsystem has
no energy.
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=ETw(E)

=

q∑

i=1

Ei




q∑

j=1, j �=i

φij(E)





=

q∑

i=1

q∑

j=i+1

(Ei − Ej)φij(E)

=

q∑

i=1

∑

j∈Ki

(Ei − Ej)φij(E)

≤ 0, E ∈ R
q
+, (3.107)

where Ki � Ni \ ∪
i−1
l=1{l} and Ni � {j ∈ {1, ..., q} : φij(E) = 0 if and

only if Ei = Ej}, i = 1, ..., q, which establishes Lyapunov stability of
the equilibrium state αe.

To show that αe is semistable, let R � {E ∈ R
q
+ : Ės(E) = 0} =

{E ∈ R
q
+ : (Ei − Ej)φij(E) = 0, i = 1, ..., q, j ∈ Ki}. Now, by Axiom

i) the directed graph associated with the connectivity matrix C for the
large-scale dynamical system G is strongly connected, which implies
that R = {E ∈ R

q
+ : E1 = · · · = Eq}. Since the set R consists of

the equilibrium states of (3.5), it follows that the largest invariant set
M contained in R is given by M = R. Hence, it follows from the
Krasovskii-LaSalle invariant set theorem that for any initial condition
E(t0) ∈ R

q
+, E(t) → M as t → ∞, and hence, αe is a semistable

equilibrium state of (3.5). Next, note that since eTE(t) = eTE(t0)
and E(t) → M as t → ∞, it follows that E(t) → 1

qee
TE(t0) as

t → ∞. Hence, with α = 1
qe

TE(t0), αe = 1
qee

TE(t0) is a semistable

equilibrium state of (3.5).
Finally, to show that in the case where for some k ∈ {1, ..., q},

σkk(E) ≥ 0, E ∈ R
q
+, and σkk(E) = 0 if and only if Ek = 0, the zero

solution E(t) ≡ 0 to (3.5) is globally asymptotically stable, consider
the system ectropy E(E) = 1

2ETE, E ∈ R
q
+, as a candidate Lyapunov

function. Note that E(0) = 0, E(E) > 0, E ∈ R
q
+, E �= 0, and E(E) is

radially unbounded. Now, the Lyapunov derivative along the system
energy trajectories of (3.5) is given by

Ė(E) = ET[w(E) − d(E)]

= ETw(E) − Ekσkk(E)

=

q∑

i=1

Ei




q∑

j=1,j �=i

φij(E)



− Ekσkk(E)
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=

q∑

i=1

q∑

j=i+1

(Ei − Ej)φij(E) − Ekσkk(E)

=

q∑

i=1

∑

j∈Ki

(Ei − Ej)φij(E) − Ekσkk(E)

≤ 0, E ∈ R
q
+, (3.108)

which shows that the zero solution E(t) ≡ 0 to (3.5) is Lyapunov
stable. To show global asymptotic stability of the zero equilibrium
state, let R � {E ∈ R

q
+ : Ė(E) = 0} = {E ∈ R

q
+ : Ekσkk(E) = 0, k ∈

{1, ..., q}}∩{E ∈ R
q
+ : (Ei−Ej)φij(E) = 0, i = 1, ..., q, j ∈ Ki}. Now,

since Axiom i) holds and σkk(E) = 0 if and only if Ek = 0, it follows
that R = {E ∈ R

q
+ : Ek = 0, k ∈ {1, ..., q}} ∩ {E ∈ R

q
+ : E1 = E2 =

· · · = Eq} = {0}, and hence, the largest invariant set M contained
in R is given by M = {0}. Hence, it follows from the Krasovskii-
LaSalle invariant set theorem that for any initial condition E(t0) ∈
R

q
+, E(t) → M = {0} as t → ∞, which proves global asymptotic

stability of the zero equilibrium state of (3.5).

Theorem 3.9 shows that the isolated (i.e., S(t) ≡ 0 and d(E) ≡ 0)
large-scale dynamical system G is semistable. Hence, it follows from
Theorem 2.16 that the isolated large-scale dynamical system G does
not exhibit Poincaré recurrence in R

q
+ \Me. In Theorem 3.9 we used

the shifted ectropy function to show that for the isolated (i.e., S(t) ≡ 0
and d(E) ≡ 0) large-scale dynamical system G, E(t) → 1

qee
TE(t0) as

t → ∞ and 1
qee

TE(t0) is a semistable equilibrium state. This result
can also be arrived at using the system entropy. Specifically, using
the system entropy given by (3.61), we can show attraction of the
system trajectories to Lyapunov stable equilibrium points αe, α ≥ 0,
and hence show semistability of these equilibrium states. To see this,
note that since eTw(E) = 0, E ∈ R

q
+, it follows that eTĖ(t) = 0, t ≥

t0. Hence, eTE(t) = eTE(t0), t ≥ t0. Furthermore, since E(t) ≥≥
0, t ≥ t0, it follows that 0 ≤≤ E(t) ≤≤ eeTE(t0), t ≥ t0, which
implies that all solutions to (3.5) are bounded. Next, since by (3.63)
the function −S(E(t)), t ≥ t0, is nonincreasing and E(t), t ≥ t0, is
bounded, it follows from the Krasovskii-LaSalle invariant set theorem
that for any initial condition E(t0) ∈ R

q
+, E(t) → M as t → ∞,

where M is the largest invariant set contained in R � {E ∈ R
q
+ :

−Ṡ(E) = 0}. It now follows from the last inequality of (3.63) that
R = {E ∈ R

q
+ : (Ei − Ej)φij(E) = 0, i = 1, ..., q, j ∈ Ki}, which,

since the directed graph associated with the connectivity matrix C
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Figure 3.2 Thermodynamic equilibria (· · ·), constant energy surfaces (—–), con-
stant ectropy surfaces (−−), and constant entropy surfaces (− · −).

for the large-scale dynamical system G is strongly connected, implies
that R = {E ∈ R

q
+ : E1 = · · · = Eq}. Since the set R consists of the

equilibrium states of (3.5), it follows that M = R, which, along with
(3.107), establishes semistability of the equilibrium states αe, α ≥ 0.

Theorem 3.9 implies that the steady-state value of the energy in
each subsystem Gi of the isolated large-scale dynamical system G is
equal, that is, the steady-state energy of the isolated large-scale dy-
namical system G given by

E∞ =
1

q
eeTE(t0) =

[
1

q

q∑

i=1

Ei(t0)

]

e (3.109)

is uniformly distributed over all subsystems of G. This phenomenon
is known as equipartition of energy6 [9, 10, 51, 69, 81] and is an emer-
gent behavior in thermodynamic systems. The next proposition shows
that, among all possible energy distributions in the large-scale dynam-
ical system G, energy equipartition corresponds to the minimum value
of the system’s ectropy and the maximum value of the system’s en-
tropy (see Figure 3.2).

Proposition 3.10 Consider the large-scale dynamical system G with
power balance equation (3.5), let E : R

q
+ → R+ and S : R

q
+ → R+

denote the ectropy and entropy functions of G given by (3.97) and

6The phenomenon of equipartition of energy is closely related to the notion of
a monotemperaturic system discussed in [17].
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(3.61), respectively, and define Dc � {E ∈ R
q
+ : eTE = β}, where

β ≥ 0. Then

arg min
E∈Dc

(E(E)) = arg max
E∈Dc

(S(E)) = E∗ =
β

q
e. (3.110)

Furthermore, Emin � E(E∗) = 1
2

β2

q and Smax � S(E∗) = q loge(c +
β
q ) − q loge c.

Proof. The existence and uniqueness of E∗ follows from the fact
that E(E) and −S(E) are strictly convex continuous functions defined
on the compact set Dc. To minimize E(E) = 1

2ETE subject to E ∈ Dc,

form the Lagrangian L(E, λ) = 1
2ETE + λ(eTE − β), where λ ∈ R is

a Lagrange multiplier. If E∗ solves this minimization problem, then

0 =
∂L

∂E

∣
∣
∣
∣
E=E∗

= E∗T + λeT (3.111)

and hence E∗ = −λe. Now, it follows from eTE∗ = β that λ = −β
q ,

which implies that E∗ = β
q e ∈ R

q
+. The fact that E∗ minimizes the

ectropy on the compact set Dc can be shown by computing the Hessian
of the ectropy for the constrained parameter optimization problem

and showing that the Hessian is positive definite at E∗. Emin = 1
2

β2

q
is now immediate.

Analogously, to maximize S(E) = eTloge(ce + E) − q loge c sub-
ject to E ∈ Dc, form the Lagrangian L(E, λ) �

∑q
i=1 loge(c + Ei) +

λ(eTE − β), where λ ∈ R is a Lagrange multiplier. If E∗ solves this
maximization problem, then

0 =
∂L

∂E

∣
∣
∣
∣
E=E∗

=

[
1

c + E∗
1

+ λ, ...,
1

c + E∗
q

+ λ

]

. (3.112)

Thus, λ = − 1
c+E∗

i
, i = 1, ..., q. If λ = 0, then the only value of E∗

that satisfies (3.112) is E∗ = ∞, which does not satisfy the constraint
equation eTE = β for finite β ≥ 0. Hence, λ �= 0 and E∗

i = −( 1
λ +

c), i = 1, ..., q, which implies E∗ = −( 1
λ + c)e. Now, it follows from

eTE∗ = β that −( 1
λ + c) = β

q and hence E∗ = β
q e ∈ R

q
+. The fact

that E∗ maximizes the entropy on the compact set Dc can be shown
by computing the Hessian of S(E) and showing that it is negative

definite at E∗. Smax = q loge(c + β
q ) − q loge c is now immediate.

It follows from (3.105), (3.106), and Proposition 3.10 that conser-
vation of energy in an isolated system necessarily implies noncon-
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servation of ectropy and entropy. Hence, in an isolated large-scale
dynamical system G, all the energy, though always conserved, will
eventually be degraded (diluted) to the point where it cannot produce
any useful work. Hence, all motion would cease and the large-scale
dynamical system would be fated to a state of eternal rest (semista-
bility), wherein all subsystems will possess identical energies (energy
equipartition). Ectropy would be a minimum and entropy would be a
maximum giving rise to a state of absolute disorder. This is precisely
what is known in theoretical physics as the heat death of the universe.7

Next, using the system entropy and ectropy functions given by
(3.61) and (3.97), respectively, we show that our large-scale dynamical
system G with power balance equation (3.5) is state irreversible for
all nontrivial trajectories of G establishing a clear connection between
our thermodynamic model and the arrow of time.

Theorem 3.10 Consider the large-scale dynamical system G with
power balance equation (3.5) with S(t) ≡ 0 and d(E) ≡ 0, and assume
Axioms i) and ii) hold. Furthermore, let sE(·, 0) ∈ W[t0,t1]. Then for
every E0 �∈ Me, there exists a continuously differentiable function
S : R

q
+ → R (respectively, E : R

q
+ → R) such that S(sE(t, 0)) (respec-

tively, E(sE(t, 0))) is a strictly increasing (respectively, decreasing)
function of time. Furthermore, sE(·, 0) is an Iq-reversible trajectory
of G if and only if sE(t, 0) ∈ Me, t ∈ [t0, t1].

Proof. The existence of a continuously differentiable function S :
R

q
+ → R (respectively, E : R

q
+ → R), which strictly increases (re-

spectively, decreases) on all nontrivial trajectories of G, is a restate-
ment of Theorem 3.4 (respectively, Theorem 3.8) with S(t) ≡ 0 and
d(E) ≡ 0. Now, necessity is immediate, while sufficiency is a direct
consequence of Corollary 2.4 with R = Iq and V (z) = S(E) (respec-
tively, V (z) = E(E)).

Theorem 3.10 shows that for every E0 �∈ Me, the adiabatically
isolated dynamical system G is state irreversible. This gives a clear
connection between our thermodynamic model and the arrow of time.
In particular, it follows from Corollary 2.4 and Theorem 3.10 that
there exists a function of the system state that strictly increases or
strictly decreases in time on any nontrivial trajectory of G if and only
if there does not exist a nontrivial reversible trajectory of G. Thus,
the existence of the continuously differentiable entropy and ectropy

7This terroristic nimbus of the second law of thermodynamics was first ex-
pressed in the work of Lord Kelvin in 1851 without any supporting mathematical
arguments.
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functions given by (3.61) and (3.97) for G establishes the existence of
a completely ordered time set having a topological structure involv-
ing a closed set homeomorphic to the real line. This fact follows from
the inverse function theorem of mathematical analysis and the fact
that a continuous strictly monotonic function is a topological map-
ping (i.e., a homeomorphism), and conversely every topological map-
ping of a strictly monotonic function’s domain onto its codomain must
be strictly monotonic. This topological property gives a clear time-
reversal asymmetry characterization of our thermodynamic model es-
tablishing an emergence of the direction of time flow.

We close this section by showing that our thermodynamically con-
sistent large-scale system G satisfies Gibbs’ principle [39, p. 56].
Gibbs’ version of the second law of thermodynamics can be stated
as follows:

Gibbs’ Principle. For an equilibrium of any isolated system,
it is necessary and sufficient that in all possible variations of the
state of the system that do not alter its energy, the variation of
its entropy shall either vanish or be negative.

To establish Gibbs’ principle for our thermodynamically consistent
energy flow model, suppose Ee = αe, α ≥ 0, is an equilibrium state
of the isolated system G. Now, it follows from Proposition 3.10 that
the entropy of G achieves its maximum at Ee subject to the constant
energy level eTE = αq, E ∈ R

q
+. Hence, any variation of the state of

the system that does not alter its energy leads to a zero or negative
variation of the system entropy. Conversely, suppose that at some
point E∗ ∈ R

q
+ the variation of the system entropy is either zero or

negative for all possible variations in the state of the system that do
not alter the system’s total energy. Furthermore, ad absurdum, let
the isolated system G undergo an irreversible transformation starting
at E∗ �∈ Me. Then, it follows from Theorem 3.4 that the entropy of
G given by (3.61) strictly increases, which contradicts the above as-
sumption. Hence, the system G cannot undergo an irreversible trans-
formation starting at E∗ �∈ Me. Alternatively, if the isolated system
G undergoes a reversible transformation starting at E∗ ∈ Me, then
E∗ has to be an equilibrium state of G.

Similarly, using the notion of ectropy, it can be shown that an
isolated dynamical system G is in equilibrium if and only if, in all
possible variations of the state of the system that do not alter its
energy, the variation of the system ectropy is positive semidefinite.
Finally, we note that a dual result to Gibbs’ principle can be also
established. Specifically, using similar arguments as outlined above,
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it can be shown that for an equilibrium point of any isolated system it
is necessary and sufficient that, in all possible variations of the state
of the system that do not alter its entropy (respectively, ectropy), the
variation of its energy shall either vanish or be positive (respectively,
negative).

3.6 Entropy Increase and the Second Law of Thermodynamics

In the preceding discussion it was assumed that our large-scale dy-
namical system model is such that energy flows from more energetic
subsystems to less energetic subsystems, that is, heat (energy) flows
in the direction of lower temperatures. Although this universal phe-
nomenon can be predicted with virtual certainty, it follows as a man-
ifestation of entropy and ectropy nonconservation for the case of two
subsystems. To see this, consider the isolated large-scale dynami-
cal system G with power balance equation (3.5) (with S(t) ≡ 0 and
d(E) ≡ 0), and assume that the system entropy given by (3.61) is
increasing and hence Ṡ(E(t)) ≥ 0, t ≥ t0. Now, since

0≤ Ṡ(E(t))

=

q∑

i=1

Ėi(t)

c + Ei(t)

=

q∑

i=1

q∑

j=1, j �=i

φij(E(t))

c + Ei(t)

=

q∑

i=1

q∑

j=i+1

(
φij(E(t))

c + Ei(t)
−

φij(E(t))

c + Ej(t)

)

=

q∑

i=1

∑

j∈Ki

φij(E(t))(Ej(t) − Ei(t))

(c + Ei(t))(c + Ej(t))
, t ≥ t0, (3.113)

it follows that for q = 2, (E1−E2)φ12(E) ≤ 0, E ∈ R
2
+, which implies

that energy (heat) flows naturally from a more energetic subsystem
(hot object) to a less energetic subsystem (cooler object). The univer-
sality of this emergent behavior thus follows from the fact that entropy
(respectively, ectropy) transfer, accompanying energy transfer, always
increases (respectively, decreases).

In the case where we have multiple subsystems, it is clear from
(3.113) that entropy and ectropy nonconservation does not necessarily
imply Axiom ii). However, if we invoke the additional condition (Ax-
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iom iii)) that if for any pair of connected subsystems Gk and Gl, k �= l,
with energies Ek ≥ El (respectively, Ek ≤ El) and for any other pair
of connected subsystems Gm and Gn, m �= n, with energies Em ≥ En

(respectively, Em ≤ En), the inequality φkl(E)φmn(E) ≥ 0, E ∈ R
q
+,

holds, then nonconservation of entropy and ectropy in the isolated
large-scale dynamical system G implies Axiom ii). The inequality
φkl(E)φmn(E) ≥ 0, E ∈ R

q
+, postulates that the direction of energy

flow for any given pair of energy similar subsystems is consistent, that
is, if for a given pair of connected subsystems at given different energy
levels the energy flows in a certain direction, then for any other pair
of connected subsystems with an analogous energy level difference,
the energy flow direction is consistent with the original pair of sub-
systems. Note that this assumption does not specify the direction of
energy flow between subsystems.

To see that Ṡ(E(t)) ≥ 0, t ≥ t0, along with Axiom iii) implies
Axiom ii), note that since (3.113) holds for all t ≥ t0 and E(t0) ∈ R

q
+

is arbitrary, (3.113) implies

q∑

i=1

∑

j∈Ki

φij(E)(Ej − Ei)

(c + Ei)(c + Ej)
≥ 0, E ∈ R

q
+. (3.114)

Now, it follows from (3.114) that for any fixed system energy level
E ∈ R

q
+ there exists at least one pair of connected subsystems Gk

and Gl, k �= l, such that φkl(E)(El − Ek) ≥ 0. Thus, if Ek ≥ El

(respectively, Ek ≤ El), then φkl(E) ≤ 0 (respectively, φkl(E) ≥ 0).
Furthermore, it follows from Axiom iii) that for any other pair of con-
nected subsystems Gm and Gn, m �= n, with Em ≥ En (respectively,
Em ≤ En) the inequality φmn(E) ≤ 0 (respectively, φmn(E) ≥ 0)
holds, which implies that

φmn(E)(En − Em) ≥ 0, m �= n. (3.115)

Thus, it follows from (3.115) that energy (heat) flows naturally from
more energetic subsystems (hot objects) to less energetic subsystems
(cooler objects). Of course, since in the isolated large-scale dynamical
system G ectropy decreases if and only if entropy increases, the same
result can be arrived at by considering the ectropy of G. Furthermore,
since Axiom ii) holds, it follows from the conservation of energy and
the fact that the large-scale dynamical system G is strongly connected
that nonconservation of entropy and ectropy necessarily implies en-
ergy equipartition.

Finally, we close this section by showing that our definition of en-
tropy given by (3.61) satisfies the eight criteria established in [46] for
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the acceptance of an analytic expression for representing a system en-
tropy function. In particular, note that for a dynamical system G: i)
S(E) is well defined for every state E ∈ R

q
+ as long as c > 0. ii)

If G is adiabatically isolated, then S(E(t)) is a nondecreasing func-
tion of time. iii) If Si(Ei) = loge(c + Ei) − loge c is the entropy
of the ith subsystem of the system G, then S(E) =

∑q
i=1 Si(Ei) =

eTloge(ce + E) − q loge c, and hence, the system entropy S(E) is an
additive quantity over all subsystems. iv) For the system G, S(E) ≥ 0
for all E ∈ R

q
+. v) It follows from Proposition 3.10 that for a given

value β ≥ 0 of the total energy of the system G, one and only one
state, namely, E∗ = β

q e, corresponds to the largest value of S(E).

vi) It follows from (3.61) that for the system G, the graph of entropy
versus energy is concave and smooth. vii) For a composite large-scale
dynamical system GC of two dynamical systems GA and GB, the ex-
pression for the composite entropy SC = SA + SB, where SA and SB

are entropies of GA and GB, respectively, is such that the expression
for the equilibrium state where the composite maximum entropy is
achieved is identical to those obtained for GA and GB individually.
Specifically, if qA and qB denote the number of subsystems in GA and
GB, respectively, and βA and βB denote the total energies of GA and
GB, respectively, then the maximum entropy of GA and GB individually
is achieved at E∗

A = βA

qA
e and E∗

B = βB

qB
e, respectively, while the maxi-

mum entropy of the composite system GC is achieved at E∗
C = βA+βB

qA+qB
e.

viii) It follows from Theorem 3.9 that for a stable equilibrium state

E = β
q e, where β ≥ 0 is the total energy of the system G and q is

the number of subsystems of G, the entropy is totally defined by β
and q, that is, S(E) = q loge(c + β

q ) − q loge c. Dual criteria to the
eight criteria outlined above can also be established for an analytic
expression representing system ectropy.

3.7 Interconnections of Thermodynamic Systems

In classical thermodynamics, it is not clear how the environment can
be described in thermodynamic terms and is often not addressed by
the theory. This is the case, for example, in the work of Carnot,
Clausius, and Kelvin, wherein they consider the engine performing a
cycle as the dynamical system and the reservoir belonging to the en-
vironment. This is in contrast to Planck, who views the reservoir as a
thermodynamic system with a finite energy content and with the en-
gine belonging to the environment. In this case, the thermodynamic
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state of the reservoir can change, and hence, the removal of energy
from the reservoir via a cyclic engine need not be repeatable. Instead,
the definition of a heat reservoir as formulated by Carnot and Kelvin
is not at all transparent in the context of dynamical system theory
since it can absorb or emit a finite amount of energy (heat) with-
out changing its thermal (temperature) and deformation (volume)
states, and hence, it possesses an infinite heat capacity. The issue is
then whether the thermodynamic state of an infinite heat reservoir
changes as it exchanges a finite quantity of heat with the dynamical
system. This is not a trivial issue, and its assessment within a given
theory has been one of the key demarcation points between physics
and mathematics [96, p. 98]. Dynamical system theory makes no
claim about the properties of any system larger than the system un-
der consideration, and any exogenous effects are typically treated as
external disturbances. Thus, the effect of the heat reservoir on the
thermodynamic process can be viewed as an external disturbance to
the system giving rise to an input-output open dynamical system.

In contrast, in classical mechanics it is always possible, at least in
principle, to include interactions with the environment via feedback
interconnecting components, consistent with Newton’s third law, to
obtain an augmented closed-loop feedback system. A feedback system
consists of an interconnection of two systems, a forward loop system
and a feedback loop system. The forward loop system is driven by an
input and produces an output that serves as the input to the feed-
back loop system. The output of the feedback loop system, in turn,
serves as the input to the forward loop system. Feedback systems
are pervasive in nature and are ideal in capturing the behavior of
interconnected dynamical systems.

To harmonize thermodynamics with mechanics, in this section we
consider feedback interconnections of two thermodynamically consis-
tent large-scale systems. This interconnection can correspond to a
large-scale dynamical system with the environment or an intercon-
nection between two large-scale dynamical systems. In the case where
one of the systems corresponds to the environment, this formulation
allows us to formally assign a state to the environment. In either
case, we show that, under thermodynamically consistent assumptions
on the feedback interconnection structure, the closed-loop system is
guaranteed to be a thermodynamically consistent system, wherein the
energy flow between the large-scale systems is due to the energy in-
flows and outflows of both systems.

Specifically, consider the large-scale dynamical system G with power
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balance equation

Ė(t) = w(E(t)) − d(E(t)) + S(t), E(t0) = E0, t ≥ t0, (3.116)

and outflow

y(t) = h(E(t)), t ≥ t0, (3.117)

and consider the large-scale dynamical system Gc with power balance
equation

Ėc(t) = wc(Ec(t)) − dc(Ec(t)) + Sc(t), Ec(t0) = Ec0, t ≥ t0,

(3.118)

and outflow

yc(t) = hc(Ec(t)), t ≥ t0, (3.119)

where E(t) = [E1(t), ..., Eq(t)]
T ∈ R

q
+, t ≥ t0, Ec(t) = [Ec1(t), ...,

Ecqc(t)]
T ∈ R

qc

+ , t ≥ t0, w � [w1, ..., wq]
T : R

q
+ → R

q, wi(E) =
∑q

j=1,j �=i[σij(E) − σji(E)], E ∈ R
q
+, i = 1, ..., q, wc � [wc1, ..., wcqc ]

T :

R
qc

+ → R
qc , wci(Ec) =

∑qc

j=1,j �=i[σcij(Ec) − σcji(Ec)], Ec ∈ R
qc

+ , i =

1, ..., qc, d(E) � [σ11(E), ..., σqq(E)]T, E ∈ R
q
+, dc(Ec) � [σc11(Ec), ...,

σcqcqc(Ec)]
T, Ec ∈ R

qc

+ , S = [S1, ..., Sq]
T : [0,∞) → R

q, Sc = [Sc1, ...,

Scqc ]
T : [0,∞) → R

qc , h = [h1, ..., hqc ]
T : R

q
+ → R

qc

+ , and hc =

[hc1, ..., hcq]
T : R

qc

+ → R
q
+. To assure a feedback model consistent

with energy conservation laws, the output power functions hi(·), i =
1, ..., qc, and hci(·), i = 1, ..., q, are given by

hi(E) =

q∑

j=1

ηij(E), E ∈ R
q
+, i = 1, ..., qc, (3.120)

and

hci(Ec) =

qc∑

j=1

ηcij(Ec), Ec ∈ R
qc

+ , i = 1, ..., q, (3.121)

where ηij : R
q
+ → R+ denotes the rate of energy flow from the jth

subsystem of G to the ith subsystem of Gc and ηcij : R
qc

+ → R+

denotes the rate of energy flow from the jth subsystem of Gc to the ith
subsystem of G. The functions σij : R

q
+ → R+, i, j = 1, ..., q, have the

same meaning and properties as defined in Section 3.2. The function
σcij : R

qc

+ → R+, i �= j, i, j = 1, ..., qc, denotes the rate of energy
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flow from subsystem Gcj to subsystem Gci of Gc, and σcii : R
qc

+ → R+,
i = 1, ..., qc, denotes the rate of energy dissipation from the subsystem
Gci.

In this case, conservation of energy implies that

σii(E) =

qc∑

j=1

ηji(E), E ∈ R
q
+, i = 1, ..., q, (3.122)

σcii(Ec) =

q∑

j=1

ηcji(Ec), Ec ∈ R
qc

+ , i = 1, ..., qc, (3.123)

and hence,

q∑

i=1

σii(E) = eTd(E) = eT
c h(E), E ∈ R

q
+, (3.124)

qc∑

i=1

σcii(Ec) = eT
c dc(Ec) = eThc(Ec), Ec ∈ R

qc

+ , (3.125)

where e and ec denote ones vectors of compatible dimensions. Here,
we assume that σcij : R

qc

+ → R+, i, j = 1, ..., qc, and ηcij : R
qc

+ → R+,

i = 1, ..., q, j = 1, ..., qc, are locally Lipschitz continuous on R
qc

+ , and

σij : R
q
+ → R+, i, j = 1, ..., q, and ηij : R

q
+ → R+, i = 1, ..., qc,

j = 1, ..., q, are locally Lipschitz continuous on R
q
+.

Next, consider the positive feedback interconnection of the large-
scale dynamical systems G and Gc shown in Figure 3.3 with S = u+yc

and Sc = uc + y, where u ∈ U and uc ∈ Ucc are external power
inflows to G and Gc, respectively. Here, U is a subset of bounded
continuous R

q-valued functions on R, and Ucc is a subset of bounded
continuous R

qc-valued functions on R. In this case, the closed-loop
system dynamics are given by

˙̃E(t) = w̃(Ẽ(t)) + ũ(t), Ẽ(t0) = Ẽ0, t ≥ t0, (3.126)

where Ẽ(t) � [ET(t), ET
c (t)]T ∈ R

q̃
+, t ≥ t0, q̃ � q + qc, ũ(t) �

[uT(t), uT
c (t)]T ∈ R

q̃, t ≥ t0, and

w̃(Ẽ) �

[
w(E) − d(E) + hc(Ec)

wc(Ec) − dc(Ec) + h(E)

]

, Ẽ ∈ R
q̃
+. (3.127)

Note that the function w̃ : R
q̃
+ → R

q̃ is essentially nonnegative, and
hence, it follows from Proposition 2.1 that the solution to (3.126) with
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Figure 3.3 Feedback interconnection of large-scale systems G and Gc.

ũ(t) ≡ 0 is nonnegative for all nonnegative initial conditions. Further-

more, it follows from (3.124) and (3.125) that ẽTw̃(Ẽ) = 0, Ẽ ∈ R
q̃
+,

where ẽ � [eT, eT
c ]T, and hence, energy is conserved in the isolated

(i.e., u(t) ≡ 0 and uc(t) ≡ 0) closed-loop feedback system consisting

of G and Gc. Next, let φ̃ij(Ẽ) � ηij(E)−ηcji(Ec), Ẽ ∈ R
q̃
+, denote the

energy flow from the jth subsystem of G to the ith subsystem of Gc.
To assure that the closed-loop system possesses a thermodynamically
consistent energy flow model, we require the following axioms on the
interconnection structure for G and Gc.

Axiom iv) K � {(i, j) ∈ {1, ..., qc} × {1, ..., q} : φ̃ij(Ẽ) = 0 if and

only if Eci = Ej} �= Ø, and if (i, j) �∈ K, then φ̃ij(Ẽ) ≡ 0.

Axiom v) If (i, j) ∈ K, then φ̃ij(Ẽ)(Eci − Ej) ≤ 0, Ẽ ∈ R
q̃
+.

Axiom iv) is analogous to Axiom i) and ensures that the dynamical
systems G and Gc are strongly connected, that is, for any given ordered
pair of subsystems (Gj ,Gci), i = 1, ..., qc, j = 1, ..., q, there exists a
path connecting this ordered pair. In other words, the rank of the
connectivity matrix C̃ associated with the feedback interconnection of
G and Gc is equal to q̃ − 1. Axiom v) is analogous to Axiom ii) and
ensures that for any two connected subsystems Gj and Gci, i = 1, ..., qc,
j = 1, ..., q, such that (i, j) ∈ K, energy flows from higher to lower
energy levels. It follows from Axioms i) and iv) that Ẽ = αẽ ∈

R
q̃
+, α ≥ 0, is an equilibrium state of the isolated closed-loop system

(3.126) given by the feedback interconnection of G and Gc. The next

theorem establishes that the equilibrium state αẽ ∈ R
q̃
+, α ≥ 0, of the

isolated closed-loop system (3.126) is semistable.

Theorem 3.11 Consider the positive feedback system consisting of
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the large-scale dynamical systems G and Gc given by (3.116)–(3.119)
with u(t) ≡ 0 and uc(t) ≡ 0, and assume that Axioms i), ii), iv), and

v) hold. Then for every α ≥ 0, αẽ ∈ R
q̃
+ is a semistable equilibrium

state of (3.126). Furthermore, Ẽ(t) → 1
q̃ ẽ(eTE(t0) + eT

c Ec(t0)) as

t → ∞ and 1
q̃ ẽ(eTE(t0) + eT

c Ec(t0)) is a semistable equilibrium state.

Proof. It follows from Axioms i) and iv) that αẽ ∈ R
q̃
+, α ≥ 0,

is an equilibrium state of the isolated system (3.126). Next, consider
the Lyapunov function candidate composed of the sum of the shifted
ectropy functions of G and Gc given by

Ẽs(Ẽ) = 1
2(E − αe)T(E − αe) + 1

2(Ec − αec)
T(Ec − αec), Ẽ ∈ R

q̃
+.

(3.128)

Computing the Lyapunov derivative of (3.128) and using Axioms i),
ii), iv), and v), it follows that

˙̃Es(Ẽ) = (E − αe)T[w(E) − d(E) + hc(Ec)]

+(Ec − αec)
T[wc(Ec) − dc(Ec) + h(E)]

=

q∑

i=1

q∑

j=i+1

φij(E)(Ei − Ej) +

qc∑

i=1

qc∑

j=i+1

φcij(Ec)(Eci − Ecj)

+

q∑

i=1

qc∑

j=1

φ̃ji(Ẽ)(Ecj − Ei)

≤ 0, Ẽ ∈ R
q̃
+, (3.129)

which establishes Lyapunov stability of the equilibrium state αẽ ∈

R
q̃
+, α ≥ 0, of the feedback interconnection of G and Gc.

Next, define the set R � {Ẽ ∈ R
q̃
+ : ˙̃Es(Ẽ) = 0}, and note that it

follows from Axioms i), ii), iv), and v) that R = {Ẽ ∈ R
q̃
+ : E1 =

··· = Eq}∩{Ẽ ∈ R
q̃
+ : Ec1 = ··· = Ecqc}∩{Ẽ ∈ R

q̃
+ : Ecj = Ei, (j, i) ∈

K} = {Ẽ ∈ R
q̃
+ : E1 = · · · = Eq = Ec1 = · · · = Ecqc}. Since R consists

of only equilibrium states of the feedback interconnection of G and
Gc, it follows that the largest invariant set M contained in R is given
by M = R. Thus, it follows from the Krasovskii-LaSalle invariant

set theorem that for any initial condition Ẽ(t0) ∈ R
q̃
+, Ẽ(t) → M as

t → ∞, and hence, αẽ ∈ R
q̃
+ is a semistable equilibrium state of the

isolated system (3.126). Finally, note that since (eTE(t)+eT
c Ec(t)) =

(eTE(t0) + eT
c Ec(t0)), t ≥ t0, and Ẽ(t) → M as t → ∞, it follows



A SYSTEMS FOUNDATION FOR THERMODYNAMICS 97

that Ẽ(t) → 1
q̃ ẽ(eTE(t0) + eT

c Ec(t0)) as t → ∞. Hence, with α =
1
q̃ (eTE(t0) + eT

c Ec(t0)), αẽ = 1
q̃ ẽ(eTE(t0) + eT

c Ec(t0)) is a semistable

equilibrium state of the isolated closed-loop system (3.126).

The entropy and ectropy functions for the closed-loop system (3.126)
can be constructed by appropriately combining the entropy and ec-
tropy functions of G and Gc. In particular, the ectropy of the closed-
loop system (3.126) is the sum of the individual ectropy functions of
G and Gc and is given by

Ẽ(Ẽ) = E(E) + Ec(Ec) = 1
2ETE + 1

2ET
c Ec = 1

2ẼTẼ, Ẽ ∈ R
q̃
+.

(3.130)

Hence, it follows that

˙̃E(Ẽ) =

q∑

i=1

q∑

j=i+1

φij(E)(Ei − Ej) +

qc∑

i=1

qc∑

j=i+1

φcij(Ec)(Eci − Ecj)

+

q∑

i=1

qc∑

j=1

φ̃ji(Ẽ)(Ecj − Ei)

≤ 0, Ẽ ∈ R
q̃
+, (3.131)

which shows that Ẽ(Ẽ) is a nonincreasing function of time. Note
that since the closed-loop system (3.126) satisfies Axioms i), ii), iv),
and v), it follows from Theorem 3.8 that Ẽ(Ẽ), Ẽ ∈ R

q
+, is a unique,

continuously differentiable ectropy function of (3.126).
Similarly, the entropy of the isolated closed-loop system (3.126) is

the sum of the individual entropy functions of G and Gc and is given
by

S̃(Ẽ) =S(E) + Sc(Ec)

= eTlog(ce + E) + eT
c log(cec + Ec) − q̃ loge c, Ẽ ∈ R

q̃
+.

(3.132)

Hence, it follows that

˙̃S(Ẽ) =

q∑

i=1

q∑

j=i+1

φij(E)(Ej − Ei)

(c + Ei)(c + Ej)
+

qc∑

i=1

qc∑

j=i+1

φcij(Ec)(Ecj − Eci)

(c + Eci)(c + Ecj)

+

q∑

i=1

qc∑

j=1

φ̃ji(Ẽ)(Ei − Ecj)

(c + Ei)(c + Ecj)

≥ 0, Ẽ ∈ R
q̃
+. (3.133)
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As in the case of ectropy, it follows from Theorem 3.4 that S̃(Ẽ), Ẽ ∈

R
q̃
+, is a unique, continuously differentiable entropy function for the

closed-loop system (3.126). Finally, note that it follows from Ax-
ioms i), ii), iv), and v) that the entropy (respectively, ectropy) of
the closed-loop system (3.126) given by (3.132) (respectively, (3.130))
satisfies (3.133) (respectively, (3.131)) as a strict inequality for Ẽ(t) �∈
Me, t ≥ t0, and as an equality for Ẽ(t) ∈ Me, t ≥ t0, where Me =

{Ẽ ∈ R
q̃
+ : αẽ, α ≥ 0}. Hence, it follows from Theorem 3.10, as ap-

plied to the isolated closed-loop system (3.126), that (3.126) is state
irreversible for all nontrivial trajectories.

3.8 Monotonicity of System Energies in Thermodynamic Processes

Even though Theorem 3.9 gives sufficient conditions under which the
subsystem energies in the large-scale dynamical system G converge,
these subsystem energies may exhibit an oscillatory (hyperbolic) or
nonmonotonic behavior prior to convergence. For certain thermo-
dynamical processes, it is desirable to identify system models that
guarantee monotonicity of the system energy flows. It is important to
note that monotonicity of solutions does not necessarily imply Axiom
ii), nor does Axiom ii) imply monotonicity of solutions. These are
two disjoint notions. In this section, we give necessary and sufficient
conditions under which the solutions to (3.5) are monotonic.

To develop necessary and sufficient conditions for monotonicity of
solutions, note that the power balance equation (3.5) for the large-
scale dynamical system G can be written as

Ė(t) = [J (E(t)) −D(E(t))]

(
∂H

∂E
(E(t))

)T

+ GS(t), E(t0) = E0,

t ≥ t0, (3.134)

where E(t) ∈ R
q
+, H(E) = eTE, S(t) = [S1(t), ..., Sq(t)]

T, t ≥ t0,
J (E) is a skew-symmetric matrix function with J(i,i)(E) = 0 and
J(i,j)(E) = σij(E)− σji(E), i �= j, i, j = 1, ..., q, D(E) = diag[σ11(E),

..., σqq(E)] ≥ 0, and G ∈ R
q×q is a diagonal input matrix that has

been included for generality and contains zeros and ones as its en-
tries. Hence, the power balance equation of the large-scale dynam-
ical system G has a port-controlled Hamiltonian structure [67] with
a Hamiltonian function H(E) = eTE =

∑q
i=1 Ei representing the

sum of all subsystem energies, D(E) representing power dissipation
in the subsystems, J (E) = −J T(E) representing energy-conserving
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subsystem coupling, and S(t), t ≥ t0, representing supplied system
power. As noted in Section 3.3, the nonlinear power balance equation
(3.134) can exhibit a full range of nonlinear behavior, including bifur-
cations, limit cycles, and even chaos. However, a thermodynamically
consistent energy flow model ensures that the evolution of the system
energy is diffusive in character with convergent subsystem energies.
As shown in Section 3.3, Axioms i) and ii) guarantee a thermody-
namically consistent energy flow model.

In order to guarantee a thermodynamically consistent energy flow
model, we assume Axiom ii) holds and seek solutions to (3.134) that
exhibit a monotonic behavior of the subsystem energies. This would
physically imply that the energy of a subsystem whose initial energy is
greater than the average system energy will decrease, while the energy
of a subsystem whose initial energy is less than the average system
energy will increase. This of course is consistent with the second law
of thermodynamics with the additional constraint of monotonic heat
flows. The following definition is needed.

Definition 3.4 Consider the large-scale dynamical system G with pow-
er balance equation (3.134). The subsystem energies E(t), t ≥ t0, of
G are monotonic for all E0 ∈ Dc ⊆ R

q
+, where Dc is a positively in-

variant set with respect to (3.134), if there exists a weighting matrix
R ∈ R

q×q such that R = diag[r1, ..., rq], ri = ±1, i = 1, ..., q, and for

every E0 ∈ Dc ⊆ R
q
+, RE(t2) ≤≤ RE(t1), t0 ≤ t1 ≤ t2.

The following result presents necessary and sufficient conditions
that guarantee that the subsystem energies of the large-scale dynam-
ical system G are monotonic. It is important to note that this result
holds whether or not Axiom ii) holds.

Theorem 3.12 Consider the large-scale dynamical system G with
power balance equation (3.134). Then the following statements hold:

i) If S(t) ≥≥ 0, t ≥ t0, and there exists a matrix R ∈ R
q×q

such that R = diag[r1, ..., rq], ri = ±1, i = 1, ..., q, R[J (E) −

D(E)](∂H
∂E (E))T ≤≤ 0, E ∈ R

q
+, and RG ≤≤ 0, then the subsys-

tem energies E(t), t ≥ t0, of G are monotonic for all E0 ∈ R
q
+.

ii) Let S(t) ≡ 0 and let Dc ⊆ R
q
+ be a positively invariant set with

respect to (3.134). Then the subsystem energies E(t), t ≥ t0,
of G are monotonic for all E0 ∈ Dc ⊆ R

q
+ if and only if there

exists a matrix R ∈ R
q×q such that R = diag[r1, ..., rq], ri = ±1,

i = 1, ..., q, and R[J (E)−D(E)](∂H
∂E (E))T ≤≤ 0, E ∈ Dc ⊆ R

q
+.
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Proof. i) Let S(t) ≥≥ 0, t ≥ t0, and assume there exists R =
diag[r1, ..., rq], ri = ±1, i = 1, ..., q, such that R[J (E) − D(E)]

·(∂H
∂E (E))T ≤≤ 0, E ∈ R

q
+. Now, it follows from (3.134) that

RĖ(t) = R[J (E(t)) −D(E(t))]

(
∂H

∂E
(E(t))

)T

+ RGS(t),

E(t0) = E0, t ≥ t0, (3.135)

which further implies that

RE(t2) = RE(t1) +

∫ t2

t1

R[J (E(t)) −D(E(t))]

(
∂H

∂E
(E(t))

)T

dt

+

∫ t2

t1

RGS(t)dt. (3.136)

Next, since [J (E) − D(E)](∂H
∂E (E))T is essentially nonnegative and

S(t) ≥≥ 0, t ≥ t0, it follows from Proposition 3.1 that E(t) ≥≥ 0,
t ≥ t0, for all E0 ∈ R

q
+. Hence, since R[J (E)−D(E)](∂H

∂E (E))T ≤≤ 0,

E ∈ R
q
+, and RG ≤≤ 0, it follows that

R[J (E(t)) −D(E(t))](
∂H

∂E
(E(t)))T + RGS(t) ≤≤ 0, t ≥ t0,

(3.137)

which implies that for every E0 ∈ R
q
+, RE(t2) ≤≤ RE(t1), t0 ≤ t1 ≤

t2.
ii) To show sufficiency, note that since by assumption Dc is posi-

tively invariant, then R[J (E(t))−D(E(t))](∂H
∂E (E(t)))T ≤≤ 0, t ≥ t0,

for all E0 ∈ Dc ⊆ R
q
+. Now, the result follows by using identical argu-

ments as in i) with S(t) ≡ 0 and E0 ∈ Dc ⊆ R
q
+. To show necessity,

assume that (3.134) with S(t) ≡ 0 is monotonic for all E0 ∈ Dc ⊆ R
q
+.

In this case, (3.135) implies that for every τ > t0,

RE(τ) = RE0+

∫ τ

t0

R[J (E(t))−D(E(t))]

(
∂H

∂E
(E(t))

)T

dt. (3.138)

Now, suppose, ad absurdum, there exist J ∈ {1, ..., q} and E0 ∈ Dc ⊆
R

q
+ such that [R[J (E0)−D(E0)](

∂H
∂E (E0))

T]J > 0. Since the mapping

R[J (·) − D(·)](∂H
∂E (·))T and the solution E(t), t ≥ t0, to (3.134) are

continuous, it follows that there exists τ > t0 such that

[R[J (E(t)) −D(E(t))](
∂H

∂E
(E(t)))T]J > 0, t0 ≤ t ≤ τ, (3.139)
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which implies that [RE(τ)]J > [RE0]J , leading to a contradiction.
Hence, R[J (E) −D(E)](∂H

∂E (E))T ≤≤ 0, E ∈ Dc ⊆ R
q
+.

It follows from i) of Theorem 3.12 that if G = Iq (that is, external
power (heat flux) can be injected to all subsystems), then R = −Iq,

and hence, [J (E)−D(E)](∂H
∂E (E))T ≥≥ 0, E ∈ R

q
+. This case would

correspond to a power balance equation whose states are all increasing
and can only be achieved if D(E) = 0, E ∈ R

q
+. This, of course,

implies that the dynamical system G cannot dissipate energy, and
hence, the transfer of energy (heat) from a lower energy (temperature)
level (source) to a higher energy (temperature) level (sink) requires the
input of additional heat or energy. This is consistent with Clausius’
statement of the second law of thermodynamics.

The following result is a direct consequence of Theorem 3.12 and
provides sufficient conditions for convergence of the subsystem ener-
gies of the isolated large-scale dynamical system G. Once again, this
result holds whether or not Axiom ii) holds.

Theorem 3.13 Consider the large-scale dynamical system G with
power balance equation (3.134) and S(t) ≡ 0. Let Dc ⊆ R

q
+ be a pos-

itively invariant set. If there exists a matrix R ∈ R
q×q such that R =

diag[r1, ..., rq], ri = ±1, i = 1, ..., q, and R[J (E) − D(E)](∂H
∂E (E))T

≤≤ 0, E ∈ Dc ⊆ R
q
+, then for every E0 ∈ Dc ⊆ R

q
+, limt→∞ E(t)

exists.

Proof. Since H(E) = eTE, E ∈ R
q
+, it follows that

Ḣ(E) =
∂H

∂E
Ė

=
∂H

∂E
[J (E) −D(E)](

∂H

∂E
)T

=−
∂H

∂E
D(E)(

∂H

∂E
)T ≤ 0, E ∈ R

q
+, (3.140)

and hence, Ḣ(E(t)) ≤ 0, t ≥ t0, where E(t), t ≥ t0, denotes the
solution of (3.134). This implies that H(E(t)) ≤ H(E0) = eTE0,
t ≥ t0, and hence, for every E0 ∈ R

q
+, the solution E(t), t ≥ t0,

of (3.134) is bounded. Hence, for every i ∈ {1, ..., q}, Ei(t), t ≥ t0,
is bounded. Furthermore, it follows from Theorem 3.12 that Ei(t),
t ≥ t0, is monotonic for all E0 ∈ Dc ⊆ R

q
+. Now, since Ei(·),

i ∈ {1, ..., q}, is continuous and every bounded nonincreasing or non-
decreasing scalar sequence converges to a finite real number, it fol-
lows from the monotone convergence theorem that limt→∞ Ei(t), i ∈
{1, ..., q}, exists. Hence, limt→∞ E(t) exists for all E0 ∈ Dc ⊆ R

q
+.
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Chapter Four

Temperature Equipartition and the Kinetic

Theory of Gases

4.1 Semistability and Temperature Equipartition

The thermodynamic axioms introduced in Chapter 3 postulate that
subsystem energies are synonymous with subsystem temperatures. In
this chapter, we generalize the results of Chapter 3 to the case where
the subsystem energies are proportional to the subsystem tempera-
tures with the proportionality constants representing the subsystem
specific heats or thermal capacities.1 In the case where the specific
heats of all the subsystems are equal, the results of this section spe-
cialize to those of Chapter 3. To include temperature notions in our
large-scale dynamical system model, we replace Axioms i) and ii) of
Section 3.3 with the following axioms. Let βi > 0, i = 1, . . . , q, de-
note the reciprocal of the specific heat (at constant volume) of the ith
subsystem Gi so that the absolute temperature in the ith subsystem is
given by T̂i = βiEi.

Axiom i) For the connectivity matrix C ∈ R
q×q associated with the

large-scale dynamical system G defined by (3.24) and (3.25), rank C
= q−1, and for C(i,j) = 1, i �= j, φij(E) = 0 if and only if βiEi = βjEj .

Axiom ii) For i, j = 1, ..., q, (βiEi − βjEj)φij(E) ≤ 0, E ∈ R
q
+.

Axiom i) implies that if the temperatures in the connected subsys-
tems Gi and Gj are equal, then heat exchange between these subsys-
tems is not possible. This is a statement of the zeroth law of thermo-
dynamics, which postulates that temperature equality is a necessary
and sufficient condition for thermal equilibrium. Axiom ii) implies
that heat (energy) must flow in the direction of lower temperatures.
This is a statement of the second law of thermodynamics, which states

1The thermal capacity of a body is the ratio of the infinitesimal amount of heat
absorbed by the body to the infinitesimal increase in temperature produced by this
heat. In general, the thermal capacity of a body is different if the body is heated
at a constant volume or at a constant pressure.
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that a transformation whose only final result is to transfer heat from
a body at a given temperature to a body at a higher temperature is
impossible. The following proposition is needed for the statement of
the main results of this section.

Proposition 4.1 Consider the large-scale dynamical system G with
power balance equation (3.5), and assume that Axioms i) and ii) hold.
Then for all E0 ∈ R

q
+, tf ≥ t0, and S(·) ∈ U such that E(tf) = E(t0) =

E0,

∫ tf

t0

q∑

i=1

Si(t) − σii(E(t))

c + βiEi(t)
dt =

∮ q∑

i=1

dQi(t)

c + βiEi(t)
≤ 0 (4.1)

and
∫ tf

t0

q∑

i=1

βiEi(t)[Si(t) − σii(E(t))]dt =

∮ q∑

i=1

βiEi(t)dQi(t) ≥ 0, (4.2)

where E(t), t ≥ t0, is the solution to (3.5) with initial condition
E(t0) = E0. Furthermore,

∮ q∑

i=1

dQi(t)

c + βiEi(t)
= 0 (4.3)

and
∮ q∑

i=1

βiEi(t)dQi(t) = 0 (4.4)

if and only if there exists a continuous function α : [t0, tf ] → R+ such
that E(t) = α(t)p, t ∈ [t0, tf ], where p � [1/β1, ..., 1/βq]

T.

Proof. The proof is identical to the proofs of Propositions 3.2 and
3.6.

Note that with the modified Axiom i) the isolated large-scale dy-
namical system G has equilibrium energy states given by Ee = αp for
α ≥ 0. As in Section 3.3, we define an equilibrium process as a process
in which the trajectory of the system G moves along the equilibrium
manifold Me � {E ∈ R

q
+ : E = αp, α ≥ 0} corresponding to the

set of equilibria for the isolated system G, and we define a nonequi-
librium process as a process that does not lie on Me. Thus, it follows
from Axioms i) and ii) that inequalities (4.1) and (4.2) are satisfied
as equalities for an equilibrium process and as strict inequalities for
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a nonequilibrium process. Next, in light of our modified axioms, we
present a generalized definition for the entropy and ectropy of G.

Definition 4.1 For the large-scale dynamical system G with power
balance equation (3.5), a function S : R

q
+ → R satisfying

S(E(t2)) ≥ S(E(t1)) +

∫ t2

t1

q∑

i=1

Si(t) − σii(E(t))

c + βiEi(t)
dt (4.5)

for any t2 ≥ t1 ≥ t0 and S(·) ∈ U is called the entropy function of G.

Definition 4.2 For the large-scale dynamical system G with power
balance equation (3.5), a function E : R

q
+ → R satisfying

E(E(t2)) ≤ E(E(t1)) +

∫ t2

t1

q∑

i=1

βiEi(t)[Si(t) − σii(E(t))]dt (4.6)

for any t2 ≥ t1 ≥ t0 and S(·) ∈ U is called the ectropy function of G.

For the next result, define the available entropy and available ec-
tropy of the large-scale dynamical system G by

Sa(E0)�− sup
S(·)∈Uc, T≥t0

∫ T

t0

q∑

i=1

Si(t) − σii(E(t))

c + βiEi(t)
dt, (4.7)

Ea(E0)�− inf
S(·)∈Uc, T≥t0

∫ T

t0

q∑

i=1

βiEi(t)[Si(t) − σii(E(t))]dt, (4.8)

where E(t0) = E0 ∈ R
q
+ and E(T ) = 0, and define the required en-

tropy supply and required ectropy supply of the large-scale dynamical
system G by

Sr(E0) � sup
S(·)∈Ur, T≥−t0

∫ t0

−T

q∑

i=1

Si(t) − σii(E(t))

c + βiEi(t)
dt, (4.9)

Er(E0) � inf
S(·)∈Ur, T≥−t0

∫ t0

−T

q∑

i=1

βiEi(t)[Si(t) − σii(E(t))]dt, (4.10)

where E(−T ) = 0 and E(t0) = E0 ∈ R
q
+.

Theorem 4.1 Consider the large-scale dynamical system G with pow-
er balance equation (3.5), and assume that Axiom ii) holds. Then
there exist an entropy and an ectropy function for G. Moreover,
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Sa(E), E ∈ R
q
+, and Sr(E), E ∈ R

q
+, are possible entropy func-

tions for G with Sa(0) = Sr(0) = 0, and Ea(E), E ∈ R
q
+, and Er(E),

E ∈ R
q
+, are possible ectropy functions for G with Ea(0) = Er(0) = 0.

Finally, all entropy functions S(E), E ∈ R
q
+, for G satisfy

Sr(E) ≤ S(E) − S(0) ≤ Sa(E), E ∈ R
q
+, (4.11)

and all ectropy functions E(E), E ∈ R
q
+, for G satisfy

Ea(E) ≤ E(E) − E(0) ≤ Er(E), E ∈ R
q
+. (4.12)

Proof. The proof is identical to the proofs of Theorems 3.2 and
3.6.

The next series of results gives analogous results to the results in
Sections 3.3 and 3.4 for the modified definitions of entropy and ectropy
given in this chapter.

Theorem 4.2 Consider the large-scale dynamical system G with pow-
er balance equation (3.5), and let S : R

q
+ → R and E : R

q
+ → R be

entropy and ectropy functions of G, respectively. Then S(·) and E(·)
are continuous on R

q
+.

Proof. The proof is identical to the proof of Theorem 3.3.

For the statement of the next result, recall the definition of p =
[1/β1, ..., 1/βq]

T given in Proposition 4.1 and define P � diag[β1, ..., βq].

Proposition 4.2 Consider the large-scale dynamical system G with
power balance equation (3.5), and assume that Axioms i) and ii) hold.
Then at every equilibrium state Ee = αp, α ≥ 0, of the isolated system
G, the entropy S(E), E ∈ R

q
+, and ectropy E(E), E ∈ R

q
+, functions

of G are unique (modulo a constant of integration) and are given by

S(E) − S(0) = Sa(E) = Sr(E) =pTloge(ce + PE) − eTp loge c

(4.13)

and

E(E) − E(0) = Ea(E) = Er(E) = 1
2ETPE, (4.14)

respectively, where E = Ee and loge(ce + PE) denotes the vector
natural logarithm given by [loge(c + β1E1), ..., loge(c + βqEq)]

T.

Proof. The proof is identical to the proofs of Propositions 3.4 and
3.8.
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Proposition 4.3 Consider the large-scale dynamical system G with
power balance equation (3.5), and assume that Axioms i) and ii) hold.
Let S(·) and E(·) denote an entropy and ectropy of G, respectively, and
let E : [t0, t1] → R

q
+ denote the solution to (3.5) with E(t0) = α0p

and E(t1) = α1p, where α0, α1 ≥ 0. Then

S(E(t1)) = S(E(t0)) +

∫ t1

t0

q∑

i=1

Si(t) − σii(E(t))

c + βiEi(t)
dt (4.15)

and

E(E(t1)) = E(E(t0)) +

∫ t1

t0

q∑

i=1

βiEi(t)[Si(t) − σii(E(t))]dt (4.16)

if and only if there exists a continuous function α : [t0, t1] → R+ such
that α(t0) = α0, α(t1) = α1, and E(t) = α(t)p, t ∈ [t0, t1].

Proof. The proof is identical to the proofs of Propositions 3.5 and
3.9.

Theorem 4.3 Consider the large-scale dynamical system G with pow-
er balance equation (3.5), and assume that Axioms i) and ii) hold.
Then the function S : R

q
+ → R given by

S(E) = pTloge(ce + PE) − eTp loge c, E ∈ R
q
+, (4.17)

is a unique (modulo a constant of integration), continuously differen-
tiable entropy function of G. Furthermore, the function E : R

q
+ → R

given by

E(E) = 1
2ETPE, E ∈ R

q
+, (4.18)

is a unique (modulo a constant of integration), continuously differ-
entiable ectropy function of G. In addition, for E(t) �∈ Me, t ≥ t0,
where E(t), t ≥ t0, denotes the solution to (3.5) and Me = {E ∈ R

q
+ :

E = αp, α ≥ 0}, (4.17) and (4.18) satisfy

S(E(t2)) > S(E(t1)) +

∫ t2

t1

q∑

i=1

Si(t) − σii(E(t))

c + βiEi(t)
dt (4.19)

and

E(E(t2)) < E(E(t1)) +

∫ t2

t1

q∑

i=1

βiEi(t)[Si(t) − σii(E(t))]dt (4.20)

for any t2 ≥ t1 ≥ t0 and S(·) ∈ U .
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Proof. The proof is identical to the proofs of Theorems 3.4 and
3.8.

It is important to note that Theorem 4.3 establishes the existence
of a unique entropy and ectropy function for G for equilibrium and
nonequilibrium processes. Furthermore, it follows from Theorem 4.3
that the entropy and ectropy functions for G defined by (4.17) and
(4.18) satisfy, respectively, (4.5) and (4.6) as equalities for an equilib-
rium process and as strict inequalities for a nonequilibrium process.
Hence, it follows from Theorem 2.15 that the isolated large-scale dy-
namical system G does not exhibit Poincaré recurrence in R

q
+ \Me.

Once again, inequality (4.5) is a generalized Clausius inequality
for equilibrium and nonequilibrium thermodynamics, while inequal-
ity (4.6) is an anti–Clausius inequality. Moreover, for the ectropy
function given by (4.18), inequality (4.6) shows that a thermody-
namically consistent large-scale dynamical system model is dissipa-
tive with respect to the supply rate ETPS and with storage function
corresponding to the system ectropy E(E). In addition, if we let
dQi(t) = [Si(t) − σii(E(t))]dt, i = 1, ..., q, denote the infinitesimal
amount of the net heat received or dissipated by the ith subsystem of
G over the infinitesimal time interval dt at the (shifted) absolute ith
subsystem temperature Ti � c + βiEi, then it follows from (4.5) that
the system entropy varies by an amount

dS(E(t)) ≥

q∑

i=1

dQi(t)

c + βiEi(t)
, t ≥ t0. (4.21)

In light of the above definition of temperature, it is important to note
that if βi �= βj for some i �= j, then our thermodynamically consistent
large-scale system model allows for the consideration of subsystems
that possess the same stored energy, with one subsystem being hotter
than the other.

Finally, note that the nonconservation of entropy and ectropy equa-
tions (3.105) and (3.106), respectively, for isolated large-scale dynam-
ical systems also hold for the more general definitions of entropy and
ectropy given in Definitions 4.1 and 4.2. In addition, using the mod-
ified definitions of entropy and ectropy given in Definitions 4.1 and
4.2 and using similar arguments as in Section 3.3, it can be shown
that for every E0 �∈ Me = {E ∈ R

q
+ : E = αp, α ≥ 0}, the non-

linear dynamical system G with power balance equation (3.5) is state
irreversible.

The following theorem is a generalization of Theorem 3.9.
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Theorem 4.4 Consider the large-scale dynamical system G with pow-
er balance equation (3.5) with S(t) ≡ 0 and d(E) ≡ 0, and assume
that Axioms i) and ii) hold. Then for every α ≥ 0, αp is a semistable
equilibrium state of (3.5). Furthermore, E(t) → 1

e
TppeTE(t0) as t →

∞ and 1
e
TppeTE(t0) is a semistable equilibrium state. Finally, if for

some k ∈ {1, ..., q}, σkk(E) ≥ 0 and σkk(E) = 0 if and only if Ek = 0,
then the zero solution E(t) ≡ 0 to (3.5) is a globally asymptotically
stable equilibrium state of (3.5).

Proof. It follows from Axiom i) that αp ∈ R
q
+, α ≥ 0, is an

equilibrium state of (3.5). To show Lyapunov stability of the equi-
librium state αp, consider the system-shifted ectropy Es(E) = 1

2(E −

αp)TP (E − αp) as a Lyapunov function candidate. Now, the proof
follows as in the proof of Theorem 3.9 by invoking Axiom ii) and
noting that φij(E) = −φji(E), E ∈ R

q
+, i �= j, i, j = 1, ..., q, Pp = e,

and eTw(E) = 0, E ∈ R
q
+. Alternatively, in the case where for some

k ∈ {1, ..., q}, σkk(E) ≥ 0 and σkk(E) = 0 if and only if Ek = 0,
global asymptotic stability of the zero solution E(t) ≡ 0 to (3.5) fol-
lows from standard Lyapunov arguments using the system ectropy
E(E) = 1

2ETPE as a Lyapunov function candidate.

It follows from Theorem 4.4 that the steady-state value of the en-
ergy in each subsystem Gi of the isolated large-scale dynamical sys-
tem G is given by E∞ = 1

eTp peTE(t0), which implies that Ei∞ =
1

βieTp eTE(t0) or, equivalently, T̂i∞ = βiEi∞ = 1
eTp eTE(t0). Hence,

the steady-state temperature of the isolated large-scale dynamical sys-
tem G given by T̂∞ = 1

eTp eTE(t0)e is uniformly distributed over

all the subsystems of G. This phenomenon is known as temperature
equipartition, in which all the system energy is eventually transformed
into heat at a uniform temperature, and hence, all dynamic processes
in G (system motions) would cease.

Proposition 4.4 Consider the large-scale dynamical system G with
power balance equation (3.5), let E : R

q
+ → R+ and S : R

q
+ → R+

denote the ectropy and entropy functions of G given by (4.18) and
(4.17), respectively, and define Dc � {E ∈ R

q
+ : eTE = β}, where

β ≥ 0. Then

arg min
E∈Dc

(E(E)) = arg max
E∈Dc

(S(E)) = E∗ =
β

eTp
p. (4.22)

Furthermore, Emin � E(E∗) = 1
2

β2

e
Tp and Smax � S(E∗) = eTp loge(c+
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β
e
Tp) − eTp loge c.

Proof. The proof is identical to the proof of Proposition 3.10 and
hence is omitted.

Proposition 4.4 shows that when all the energy of the large-scale
dynamical system G is transformed into heat at a uniform tempera-
ture, the system entropy is a maximum and the system ectropy is a
minimum.

4.2 Boltzmann Thermodynamics

As noted in Chapter 1, Boltzmann [15] was the first to give a prob-
abilistic interpretation of entropy using a microscopic point of view
of molecules in a system. In particular, probability was used in the
context of a measure of the variety of ways in which the molecules in
a system can be rearranged without changing the macroscopic prop-
erties of the system. Specifically, realizing that a system macrostate
can be represented by many different microstates involving different
configurations of molecular motion, macroscopic phenomena can be
derived from the microscopic dynamics. Hence, the entropy of an ob-
served macroscopic state is defined as the logarithmic probability of
its occurrence. Since entropy measures probability and probability,
in turn, expresses disorder, entropy is a measure of disorder. This
is perhaps best reflected in Boltzmann’s kinetic theory of gases, in
which the entropy of a gas, defined in terms of the probability dis-
tribution, increases as a more uniformly distributed state is reached
when the gas diffuses from a filled container into an empty container.
Hence, the entropy of the gas increases until the system reaches the
configuration with the largest number of microscopic states, the most
probable configuration. Since the final system state can be realized
in many more ways than the initial, more organized system state, it
has the highest probability and hence the maximal entropy.

In this section, we provide a deterministic kinetic theory interpre-
tation of the steady-state expressions for the entropy and ectropy pre-
sented in this chapter. Specifically, we assume that each subsystem
Gi of the large-scale dynamical system G is a simple system consisting
of an ideal gas with rigid walls. Furthermore, we assume that all sub-
systems Gi are divided by diathermal walls (that is, walls that permit
energy flow) and the overall dynamical system is a closed system (that
is, the system is separated from the environment by a rigid adiabatic
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wall). In this case, βi = k/ni, i = 1, . . . , q, where ni, i = 1, . . . , q,
is the number of molecules in the ith subsystem and k > 0 is the
Boltzmann constant2 (i.e., the gas constant per molecule). Without
loss of generality and for simplicity of exposition let k = 1. In addi-
tion, we assume that the molecules in the ideal gas are hard elastic
spheres, that is, there are no forces between the molecules except dur-
ing collisions, and the molecules are not deformed by collisions. Thus,
there is no internal potential energy, and the system internal energy of
the ideal gas is entirely kinetic. Hence, in this case, the temperature
of each subsystem Gi is the average translational kinetic energy per
molecule, which is consistent with the kinetic theory of ideal gases.

Definition 4.3 For a given isolated large-scale dynamical system G
in thermal equilibrium, define the equilibrium entropy of G by Se =

n loge(c + e
TE∞

n ) − n loge c and the equilibrium ectropy of G by Ee =
1
2

(eTE∞)2

n , where eTE∞ denotes the total steady-state energy of the
large-scale dynamical system G and n denotes the total number of
molecules in G.

Note that the definitions of equilibrium entropy and equilibrium
ectropy given in Definition 4.3 are entirely consistent with the equilib-
rium (maximum) entropy and equilibrium (minimum) ectropy given
by Proposition 4.4. Next, assume that each subsystem Gi is initially
in thermal equilibrium. Furthermore, for each subsystem, let Ei and
ni, i = 1, ..., q, denote the total internal energy and the number of
molecules, respectively, in the ith subsystem. Hence, the entropy and
ectropy of the ith subsystem are given by Si = ni loge(c + Ei/ni) −

ni loge c and Ei = 1
2

E2
i

ni
, respectively. Next, note that the entropy and

the ectropy of the overall system (after reaching a thermal equilib-

rium) are given by Se = n loge(c+
eTE∞

n )−n loge c and Ee = 1
2

(eTE∞)2

n .
Now, it follows from the convexity of − loge(·) and conservation of en-
ergy that the entropy of G at thermal equilibrium is given by

Se =n loge

(

c +
eTE∞

n

)

− n loge c

=n loge

[
q∑

i=1

ni

n

(

c +
Ei

ni

)]

−

q∑

i=1

ni loge c

2The Boltzmann constant is equal to the ratio of the universal gas constant
to Avogadro’s number. This constant is physically significant but can be ignored
from a mathematical perspective.
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Si

Ei

Se Ee

Figure 4.1 Entropy (respectively, ectropy) increases (respectively, decreases) as a
more evenly distributed state is reached.

≥n

q∑

i=1

ni

n
loge

(

c +
Ei

ni

)

−

q∑

i=1

ni loge c

=

q∑

i=1

Si. (4.23)

Furthermore, the ectropy of G at thermal equilibrium is given by

Ee =
1

2

(eTE∞)2

n

=

q∑

i=1

1

2

E2
i

ni
−

1

2n

q∑

i=1

q∑

j=i+1

(njEi − niEj)
2

ninj

≤

q∑

i=1

1

2

E2
i

ni

=

q∑

i=1

Ei. (4.24)

It follows from (4.23) (respectively, (4.24)) that the equilibrium en-
tropy (respectively, ectropy) of the system (gas) G is always greater
(respectively, less) than or equal to the sum of the entropies (re-
spectively, ectropies) of the individual subsystems Gi. Hence, the
entropy (respectively, ectropy) of the gas increases (respectively, de-
creases) as a more evenly distributed (disordered) state is reached
(see Figure 4.1). Finally, note that it follows from (4.23) and (4.24)

that Se =
∑q

i=1 Si and Ee =
∑q

i=1 Ei if and only if Ei

ni
=

Ej

nj
, i �=

j, i, j = 1, ..., q, that is, the initial temperatures of all subsystems are
equal. Furthermore, it follows from Axioms i) and ii) that the equal-

ity Ei(t0)
ni

=
Ej(t0)

nj
, i �= j, i, j = 1, ..., q, determines an equilibrium

state and hence a state reversible process (i.e., Ei(t)
ni

=
Ej(t)

nj
, t ≥ t0,

i �= j, i, j = 1, ..., q) for the system consisting of q ideal gases. In light
of the above, the following proposition is immediate.
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Proposition 4.5 For every state reversible adiabatic process perform-
ed on a system consisting of q ideal gases connected by diathermal
walls, the total entropy and total ectropy of the system remain con-
stant.
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Chapter Five

Work, Heat, and the Carnot Cycle

5.1 On the Equivalence of Work and Heat:

The First Law Revisited

In Chapter 3, we showed that the first law of thermodynamics is essen-
tially a statement of the principle of the conservation of energy. Hence,
the variation in energy of a dynamical system G during any transfor-
mation is equal to the amount of energy that the system receives from
the environment. In Chapter 3, however, the notion of energy that
the system receives from the environment and dissipates to the envi-
ronment was limited to heat and did not include work. When external
forces act on the dynamical system G, they can produce work on the
system, changing the system’s internal energy. Thus, addressing work
performed by the system on the environment and work done by the
environment on the system plays a crucial role in the principle of the
conservation of energy for thermodynamic systems.

In this chapter we augment our nonlinear compartmental dynami-
cal system model with an additional (deformation) state representing
compartmental volumes in order to introduce the notion of work into
our thermodynamically consistent energy flow model. Specifically,
using Figure 5.1, we characterize a power balance equation such that
during a dynamical transformation, the large-scale system G can per-
form (positive) work on its surroundings or the surroundings can do
(negative) work on G resulting in subsystem volume changes. In this
case, the power balance equation (3.5) takes the new form involving
energy and deformation states given by

Ė(t) =w(E(t), V (t)) − dw(E(t), V (t)) + Sw(t) − d(E(t), V (t)) + S(t),

E(t0) = E0, t ≥ t0, (5.1)

V̇i(t) =
[dwi(E(t), V (t)) − Swi(t)]Vi(t)

(c + Ei(t))
, Vi(t0) = Vi0, i = 1, ..., q,

(5.2)

where c > 0, V (t) � [V1(t), ..., Vq(t)]
T ∈ R

q
+, t ≥ t0, Vi : [0,∞) →

R+, i = 1, ..., q, denotes the volume of the ith subsystem, Vi0 > 0, i =
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Si

Sj

S1

Sq σqq(E, V )

σjj(E, V )

σii(E, V )

σ11(E, V )

G1

Gi

Gj

Gq

σij(E, V ) σji(E, V )

Sw1

Swi

Swj

Swq

dw1(E, V )

dwi(E, V )

dwj(E, V )

dwq(E, V )

Figure 5.1 Large-scale dynamical system G.

1, ..., q, dw(E, V ) = [dw1(E, V ), ..., dwq(E, V )]T, dwi : R
q
+ × R

q
+ →

R+, i = 1, ..., q, denotes the instantaneous rate of work done by the ith
subsystem on the environment, Sw(t) = [Sw1(t), ..., Swq(t)]

T, t ≥ t0,
Swi : [0,∞) → R+, i = 1, ..., q, denotes the instantaneous rate of
work done by the environment on the ith subsystem, d(E, V ) =
[σ11(E, V ), ..., σqq(E, V )]T, σii : R

q
+ × R

q
+ → R+, i = 1, ..., q, denotes

the instantaneous rate of energy (heat) dissipation from the ith sub-
system to the environment, S(t) = [S1(t), ..., Sq(t)]

T, t ≥ t0, Si :
[0,∞) → R, i = 1, ..., q, denotes the external power (heat flux) sup-
plied to (or extracted from) the ith subsystem, w(E, V ) � [w1(E, V ),
..., wq(E, V )]T, wi(E, V ) =

∑q
j=1, j �=i[σij(E, V )− σji(E, V )], and σij :

R
q
+ × R

q
+ → R+, i �= j, i, j = 1, ..., q, denotes the instantaneous rate

of energy (heat) flow from the jth subsystem to the ith subsystem.
As in Chapter 3, we assume that σij(E, V ) = 0, E ∈ R

q
+, V ∈ R

q
+,

whenever Ej = 0, i, j = 1, ..., q, and Si(t) ≥ 0 whenever Ei(t) = 0,
t ≥ t0, i = 1, ..., q. Moreover, we assume that dwi(E, V ) = 0, E ∈
R

q
+, V ∈ R

q
+, whenever Ei = 0, i = 1, ..., q, which implies that if

the energy of the ith subsystem is zero, then this subsystem can-
not perform work on the environment. Finally, we assume that σij :

R
q
+ × R

q
+ → R+, i, j = 1, ..., q, and dwi : R

q
+ × R

q
+ → R+, i = 1, ..., q,

are locally Lipschitz continuous on R
q
+ ×R

q
+ and Si : [0,∞) → R, i =

1, ..., q, and Swi : [0,∞) → R+, i = 1, ..., q, are piecewise continu-
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ous and bounded over the semi-infinite interval [0,∞). The above
assumptions guarantee that the solution [ET(t), V T(t)]T, t ≥ t0, to
(5.1) and (5.2) exists and is nonnegative for all nonnegative initial
conditions. Finally, note that (5.2) can be written in vector form as

V̇ (t) = Dp(E(t), V (t))[dw(E(t), V (t)) − Sw(t)], V (t0) = V0, (5.3)

where V0 ∈ R
q
+ and Dp(E, V ) � diag[ V1

c+E1
, ...,

Vq

c+Eq
], E ∈ R

q
+, V ∈

R
q
+.
It follows from (5.1) and (5.2) that positive work done by a sub-

system on the environment leads to a decrease in the internal energy
of the subsystem and an increase in the subsystem volume, which is
consistent with the first law of thermodynamics. To see that (5.1)
and (5.2) is a statement of the first law of thermodynamics, define
the work L done by the large-scale dynamical system G over the time
interval [t1, t2] by

L �

∫ t2

t1

eT[dw(E(t), V (t)) − Sw(t)]dt, (5.4)

where [ET(t), V T(t)]T, t ≥ t0, is the solution to (5.1) and (5.2). Then,
premultiplying (5.1) by eT and using the fact that eTw(E, V ) ≡ 0, it
follows that

∆U = −L + Q, (5.5)

where ∆U = U(t2)−U(t1) � eTE(t2)−eTE(t1) denotes the variation
in total energy of the large-scale system G over the time interval [t1, t2]
and

Q �

∫ t2

t1

eT[S(t) − d(E(t), V (t))]dt (5.6)

denotes the net energy received by G in forms other than work. This
is a statement of the first law of thermodynamics for the large-scale
dynamical system G and gives a precise formulation of the equivalence
between work and heat. This establishes that heat and mechanical
work are two different aspects of energy. For a cyclic transformation,
the initial and final states of G are the same, and hence, the variation
in energy is zero, that is, ∆U = 0. Thus, (5.5) becomes

L = Q, (5.7)

which shows that the work performed by the system over a cyclic
transformation is equal to the net difference of the heat absorbed and
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the heat surrendered by the system. Finally, note that (5.2) is consis-
tent with the classical thermodynamic equation for the rate of work
done by the system on the environment with c+Ei

Vi
playing the role

of subsystem pressures. To see this, note that (5.2) can be equiv-

alently written as dLi =
(

c+Ei

Vi

)
dVi, which, for a single subsystem

with volume V and pressure p, has the classical form

dL = pdV. (5.8)

If the total energy of the large-scale dynamical system G at the
initial and the final states is fixed, then it follows from (5.5) that the
variation δ of the difference between the work done by the large-scale
dynamical system G on the environment and the energy supplied to
the large-scale dynamical system G satisfies

δ(L − Q) = 0. (5.9)

Equation (5.9) implies that if during a transformation between two
fixed points the large-scale dynamical system G receives a fixed amount
of energy, then the amount of work that the large-scale dynamical sys-
tem can perform on the environment is also fixed. In other words, for
any two paths connecting the initial and final states of the dynamical
system G corresponding to identical energy supplies, the work done by
the system is the same. In the case of an adiabatically isolated (i.e.,
S(t) ≡ 0 and d(E, V ) ≡ 0) dynamical system G, Q = 0, and hence, it
follows from (5.9) that

δL = 0. (5.10)

This implies that among the set of all possible smooth paths that
an adiabatically isolated large-scale dynamical system G may move
between two fixed points over a specified time interval, the only dy-
namically possible system paths are those that render the work L done
by the system on the environment stationary to all variations in the
shape of the paths. This is analogous to Hamilton’s principle of least
action in classical mechanics.

To guarantee a thermodynamically consistent energy flow model,
we assume that Axioms i) and ii) given in Section 3.3 hold for the
large-scale dynamical system G with φij(E) replaced by φij(E, V ), i �=
j, i, j = 1, ..., q. In this case, the results of Section 3.3 pertaining to
entropy also hold for the nonlinear thermodynamic model given by
(5.1) and (5.2). However, the input spaces U , Ur, and Uc consist of
subsets of bounded continuous R

q × R
q-valued functions on R. Fur-

thermore, all the results regarding equilibrium and nonequilibrium
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processes also hold. Note that it follows from Axiom i) that for the
isolated large-scale dynamical system G given by (5.1) and (5.2) (that
is, S(t) ≡ 0, d(E, V ) ≡ 0, Sw(t) ≡ 0, and dw(E, V ) ≡ 0), the points
(αe, Ve), where α ≥ 0 and Ve is an arbitrary point in R

q
+, are the equi-

librium states of G. Here, we highlight the fundamental extensions
corresponding to this generalization. For the next result,

∮
denotes a

cyclic integral evaluated along an arbitrary closed path of (5.1) and

(5.2) in R
q
+ × R

q
+; that is,

∮
�
∫ tf
t0

with tf ≥ t0 and (S(·), Sw(·)) ∈ U

such that E(tf) = E(t0) = E0 ∈ R
q
+ and V (tf) = V (t0) = V0 ∈ R

q
+.

Proposition 5.1 Consider the large-scale dynamical system G with
power balance equations given by (5.1) and (5.2), and assume that
Axioms i) and ii) hold. Then for all E0 ∈ R

q
+, V0 ∈ R

q
+, tf ≥ t0,

(S(·), Sw(·)) ∈ U such that E(tf) = E(t0) = E0 and V (tf) = V (t0) =
V0,

∫ tf

t0

q∑

i=1

Si(t) − σii(E(t), V (t))

c + Ei(t)
dt =

∮ q∑

i=1

dQi(t)

c + Ei(t)
≤ 0, (5.11)

where c > 0, dQi(t) � [Si(t) − σii(E(t), V (t))]dt, i = 1, ..., q, is the
amount of the net energy (heat) received by the ith subsystem over
the infinitesimal time interval dt and [ET(t), V T(t)]T, t ≥ t0, is the
solution to (5.1) and (5.2) with initial condition [ET(t0), V

T(t0)]
T =

[ET
0 , V T

0 ]T. Furthermore,

∮ q∑

i=1

dQi(t)

c + Ei(t)
= 0 (5.12)

if and only if there exists a continuous function α : [t0, tf ] → R+ such
that E(t) = α(t)e and V (t) ∈ R

q
+, t ∈ [t0, tf ].

Proof. Since the solution to (5.1) and (5.2) is nonnegative and
φij(E, V ) = −φji(E, V ), E ∈ R

q
+, V ∈ R

q
+, i �= j, i, j = 1, ..., q, it

follows from (5.1), (5.2), and Axiom ii) that

∮ q∑

i=1

dQi(t)

c + Ei(t)
=

∫ tf

t0

q∑

i=1

Ėi(t) −
∑q

j=1, j �=i φij(E(t), V (t))

c + Ei(t)
dt

+

∫ tf

t0

q∑

i=1

dwi(E(t), V (t)) − Swi(t)

c + Ei(t)
dt

=

∫ tf

t0

q∑

i=1

Ėi(t)

c + Ei(t)
dt +

∫ tf

t0

q∑

i=1

V̇i(t)

Vi(t)
dt
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−

∫ tf

t0

q∑

i=1

q∑

j=1, j �=i

φij(E(t), V (t))

c + Ei(t)
dt

=

q∑

i=1

loge

(
c + Ei(tf)

c + Ei(t0)

)

+

q∑

i=1

loge

(
Vi(tf)

Vi(t0)

)

−

∫ tf

t0

q∑

i=1

q∑

j=i+1

(
φij(E(t), V (t))

c + Ei(t)

−
φij(E(t), V (t))

c + Ej(t)

)

dt

=−

∫ tf

t0

q∑

i=1

q∑

j=i+1

φij(E(t), V (t))(Ej(t) − Ei(t))

(c + Ei(t))(c + Ej(t))
dt

≤ 0, (5.13)

which proves (5.11).
To show (5.12), note that it follows from (5.13), Axiom i), and

Axiom ii) that (5.12) holds if and only if Ei(t) = Ej(t), t ∈ [t0, tf ], i �=
j, i, j = 1, ..., q, or, equivalently, there exists a continuous function
α : [t0, tf ] → R+ such that E(t) = α(t)e and V (t) ∈ R

q
+, t ∈ [t0, tf ].

Next, we give a definition of entropy for the large-scale dynamical
system G given by (5.1) and (5.2), which is consistent with the one
given in Definition 3.2.

Definition 5.1 For the large-scale dynamical system G with power
balance equations given by (5.1) and (5.2), a function S : R

q
+ ×R

q
+ →

R satisfying

S(E(t2), V (t2))≥S(E(t1), V (t1))

+

∫ t2

t1

q∑

i=1

Si(t) − σii(E(t), V (t))

c + Ei(t)
dt (5.14)

for any t2 ≥ t1 ≥ t0 and (S(·), Sw(·)) ∈ U is called the entropy func-
tion of G.

As in Section 3.3, (5.11) guarantees the existence of an entropy
function for G. For the next result, define the available entropy of the
large-scale dynamical system G by

Sa(E0, V0) � − sup
(S(·), Sw(·))∈Uc, T≥t0

∫ T

t0

q∑

i=1

Si(t) − σii(E(t), V (t))

c + Ei(t)
dt,
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(5.15)

where E(t0) = E0 ∈ R
q
+, V (t0) = V0 ∈ R

q
+, E(T ) = 0, and V (T ) =

V ∗, where V ∗ ∈ R
q
+ denotes an arbitrary volume of G corresponding to

the point of minimum system energy, and define the required entropy
supply of the large-scale dynamical system G by

Sr(E0, V0) � sup
(S(·), Sw(·))∈Ur, T≥−t0

∫ t0

−T

q∑

i=1

Si(t) − σii(E(t), V (t))

c + Ei(t)
dt,

(5.16)

where E(−T ) = 0, V (−T ) = V ∗, E(t0) = E0 ∈ R
q
+, and V (t0) = V0 ∈

R
q
+.

Theorem 5.1 Consider the large-scale dynamical system G with pow-
er balance equations given by (5.1) and (5.2), and assume that Axiom
ii) holds. Then there exists an entropy function for G. Moreover,
Sa(E, V ), (E, V ) ∈ R

q
+ × R

q
+, and Sr(E, V ), (E, V ) ∈ R

q
+ × R

q
+,

are possible entropy functions for G with Sa(0, V ∗) = Sr(0, V ∗) = 0.
Finally, all entropy functions S(E, V ), (E, V ) ∈ R

q
+ × R

q
+, for G

satisfy

Sr(E, V ) ≤ S(E, V ) − S(0, V ∗) ≤ Sa(E, V ), (E, V ) ∈ R
q
+ × R

q
+.

(5.17)

Proof. The proof is similar to the proof of Theorem 3.2.

The following theorem shows that all entropy functions for G are
continuous on R

q
+ × R

q
+.

Theorem 5.2 Consider the large-scale dynamical system G with pow-
er balance equations given by (5.1) and (5.2), and let S : R

q
+×R

q
+ → R

be an entropy function of G. Then S(·, ·) is continuous on R
q
+ × R

q
+.

Proof. Let Ee ∈ R
q
+, Ve ∈ R

q
+, Swe ∈ R

q, and Se ∈ R
q be such

that Swei = dwi(Ee, Ve) and Sei = σii(Ee, Ve) −
∑q

j=1,j �=i φij(Ee, Ve),

i = 1, . . . , q. Note that with S(t) ≡ Se and Sw(t) ≡ Swe, [ET
e , V T

e ]T is
an equilibrium point of the dynamical system (5.1) and (5.2). Next,
define x � [ET, V T]T and u � [ST, ST

w ]T, and consider the lineariza-
tion of (5.1) and (5.2) at xe = [ET

e , V T
e ]T and ue = [ST

e , ST
we]

T given
by

ẋ(t) = A(x(t) − xe) + B(u(t) − ue), x(t0) = x0, t ≥ t0, (5.18)
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where

A =
∂f(x)

∂x

∣
∣
∣
∣
x=xe

, (5.19)

f(x) � [(w(x) − dw(x) − d(x))T, (Dp(x)dw(x))T]T, (5.20)

B =

[
Iq Iq

0 −Dp(xe)

]

. (5.21)

Since rankB = 2q for all xe ∈ R
q
+ × R

q
+, it follows that

rank [B, AB, A2B, ..., A2q−1B] = 2q, (5.22)

and hence, the linearized system (5.18) is controllable. The remainder
of the proof now follows identically as in the proof of Theorem 3.3
using a slight generalization of Lemma 3.1.

The next result is a direct consequence of Theorem 5.1.

Proposition 5.2 Consider the large-scale dynamical system G with
power balance equations given by (5.1) and (5.2), and assume that
Axioms i) and ii) hold. Then

S(E, V ) � αSr(E, V ) + (1 − α)Sa(E, V ), α ∈ [0, 1], (5.23)

is an entropy function for G.

The following propositions address equilibrium processes of G with
the power balance equations (5.1) and (5.2).

Proposition 5.3 Consider the large-scale dynamical system G with
power balance equations given by (5.1) and (5.2), and assume that
Axioms i) and ii) hold. Then at every equilibrium state (Ee, Ve) =
(αe, Ve), where α ≥ 0 and Ve ∈ R

q
+, of the isolated system G, the

entropy S(E, V ), (E, V ) ∈ R
q
+×R

q
+, of G is unique (modulo a constant

of integration) and is given by

S(E, V ) − S(0, V ∗) =Sa(E, V )

=Sr(E, V )

= eTloge(ce + E) + eTlogeV − eTlogeV
∗

−q loge c, (5.24)

where E = Ee and V = Ve.

Proof. The proof is identical to the proof of Proposition 3.4.
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Proposition 5.4 Consider the large-scale dynamical system G with
power balance equations given by (5.1) and (5.2), and assume that
Axioms i) and ii) hold. Let S(·, ·) denote an entropy of G, and
let (E(t), V (t)), t ≥ t0, denote the solution to (5.1) and (5.2) with
E(t0) = α0e, E(t1) = α1e, and V (t0) = V0 ∈ R

q
+, where α0, α1 ≥ 0.

Then

S(E(t1), V (t1)) =S(E(t0), V (t0))

+

∫ t1

t0

q∑

i=1

Si(t) − σii(E(t), V (t))

c + Ei(t)
dt (5.25)

if and only if there exists a continuous function α : [t0, t1] → R+ such
that α(t0) = α0, α(t1) = α1, E(t) = α(t)e, and V (t) ∈ R

q
+, t ∈ [t0, t1].

Proof. The proof is identical to the proof of Proposition 3.5.

The next result gives a unique, continuously differentiable entropy
function for G for equilibrium and nonequilibrium processes.

Theorem 5.3 Consider the large-scale dynamical system G with pow-
er balance equations given by (5.1) and (5.2), and assume that Axioms
i) and ii) hold. Then the function S : R

q
+ × R

q
+ → R given by

S(E, V ) = eTloge(ce + E) + eTlogeV − eTlogeV
∗− q loge c,

(E, V ) ∈ R
q
+ × R

q
+, (5.26)

where c > 0 and V ∗ ∈ R
q
+, is a unique (modulo a constant of integra-

tion), continuously differentiable entropy function of G. Furthermore,
for (E(t), V (t)) �∈ Me, t ≥ t0, where (E(t), V (t)), t ≥ t0, denotes the
solution to (5.1), (5.2) and Me = {(E, V ) ∈ R

q
+ ×R

q
+ : E = αe, α ≥

0, V ∈ R
q
+}, (5.26) satisfies

S(E(t2), V (t2)) >S(E(t1), V (t1))

+

∫ t2

t1

q∑

i=1

Si(t) − σii(E(t), V (t))

c + Ei(t)
dt (5.27)

for any t2 ≥ t1 ≥ t0 and (S(·), Sw(·)) ∈ U .

Proof. Since the solution [ET(t), V T(t)]T, t ≥ t0, to (5.1) and (5.2)
is nonnegative for all nonnegative initial conditions and φij(E, V ) =

−φji(E, V ), E ∈ R
q
+, V ∈ R

q
+, i �= j, i, j = 1, ..., q, it follows that

Ṡ(E(t), V (t)) =

q∑

i=1

Ėi(t)

c + Ei(t)
+

q∑

i=1

V̇i(t)

Vi(t)
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=

q∑

i=1

Si(t) − σii(E(t), V (t))

c + Ei(t)

+

q∑

i=1

Swi(t) − dwi(E(t), V (t))

c + Ei(t)

+

q∑

i=1

q∑

j=1, j �=i

φij(E(t), V (t))

c + Ei(t)

+

q∑

i=1

dwi(E(t), V (t)) − Swi(t)

c + Ei(t)

=

q∑

i=1

Si(t) − σii(E(t), V (t))

c + Ei(t)

+

q∑

i=1

q∑

j=i+1

(
φij(E(t), V (t))

c + Ei(t)
−

φij(E(t), V (t))

c + Ej(t)

)

=

q∑

i=1

Si(t) − σii(E(t), V (t))

c + Ei(t)

+

q∑

i=1

q∑

j=i+1

φij(E(t), V (t))(Ej(t) − Ei(t))

(c + Ei(t))(c + Ej(t))

≥

q∑

i=1

Si(t) − σii(E(t), V (t))

c + Ei(t)
, t ≥ t0. (5.28)

Now, integrating (5.28) over [t1, t2] yields (5.14). Furthermore, in the
case where (E(t), V (t)) �∈ Me, t ≥ t0, it follows from Axiom i), Axiom
ii), and (5.28) that (5.27) holds.

Uniqueness (modulo a constant of integration) of (5.26) follows us-
ing identical arguments as in the proof of Theorem 3.4.

Note that for an adiabatically isolated large-scale dynamical system
G, (5.14) yields the inequality

S(E(t2), V (t2)) ≥ S(E(t1), V (t1)), t2 ≥ t1. (5.29)

In addition, for the entropy function given by (5.26), inequality (5.29)
is satisfied as a strict inequality for all (E, V ) ∈ R

q
+ × R

q
+ \ Me.

Hence, it follows from Theorem 2.15 that the adiabatically isolated
large-scale dynamical system G does not exhibit Poincaré recurrence
in R

q
+×R

q
+\Me. Furthermore, using a similar analysis as given in the

proof of Proposition 3.10, it can be shown that the entropy function
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given by (5.26) achieves its maximum among all the states of G with
the fixed total energy and the fixed total volume of the system at
E = αe and V = γe, α ≥ 0, γ > 0. Hence, the maximum system
entropy is attained when the energies and volumes of all subsystems
of G are equal. Finally, for the entropy function given by (5.26), note
that S(0, V ∗) = 0 or, equivalently, limE→0 S(E, V ∗) = S(0, V ∗) = 0,
which is consistent with the third law of thermodynamics.

The following result is a slight extension to Theorem 3.5 and shows
that the dynamical system G with power balance equations (5.1) and
(5.2) is state irreversible for every nontrivial trajectory of G. For this
result, define the augmented state x � [ET, V T]T and the augmented
input u � [ST, ST

w ]T, and let W[t0,t1] denote the set of all possible
energy and volume trajectories of G over the time interval [t0, t1] given
by

W[t0,t1] � {sx : [t0, t1] × U → R
q
+ × R

q
+ :

sx(·, u(·)) satisfies (5.1) and (5.2)}. (5.30)

Furthermore, let Me ⊂ R
q
+ × R

q
+ denote the set of equilibria of G

given by Me = {(E, V ) ∈ R
q
+ × R

q
+ : E = αe, α ≥ 0, V ∈ R

q
+}.

Theorem 5.4 Consider the large-scale dynamical system G with pow-
er balance equations given by (5.1) and (5.2), and assume that Axioms
i) and ii) hold. Furthermore, let sx(·, u(·)) ∈ W[t0,t1], where u(·) ∈
U . Then sx(·, u(·)) is an I2q-reversible trajectory of G if and only if
sx(t, u(t)) ∈ Me, t ∈ [t0, t1].

Proof. The proof is similar to the proof of Theorem 3.5 and follows
from Theorem 5.3 and Theorem 2.7.

Finally, using the system entropy function given by (5.26), we show
a clear connection between our expanded thermodynamic model given
by (5.1) and (5.2) and the entropic arrow of time.

Theorem 5.5 Consider the large-scale dynamical system G with pow-
er balance equations (5.1) and (5.2) with S(t) ≡ 0 and d(E, V ) ≡ 0,
and assume that Axioms i) and ii) hold. Furthermore, let sx(·, u(·)) ∈
W[t0,t1], where u(·) ∈ U . Then for every x0 �∈ Me and u(·) ∈ U ,

there exists a continuously differentiable function S : R
q
+ × R

q
+ →

R such that S(sx(t, u(t))) is a strictly increasing function of time.
Furthermore, sx(·, u(·)) is an I2q-reversible trajectory of G if and only
if sx(t, u(t)) ∈ Me, t ∈ [t0, t1].

Proof. The existence of a continuously differentiable function S :
R

q
+ × R

q
+ → R, which strictly increases on all nontrivial trajectories
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of G, is a restatement of Theorem 5.3 with S(t) ≡ 0 and d(E, V ) ≡ 0.
The proof now follows from Theorem 5.4 and Corollary 2.4.

The existence of a continuously differentiable entropy function on
nontrivial irreversible trajectories of the adiabatically isolated large-
scale dynamical system G establishes the existence of a completely
ordered time set having a topological structure involving a closed set
homeomorphic to the real line.

5.2 The Carnot Cycle and the Second Law of Thermodynamics

The first law of thermodynamics places no limitation on the possibil-
ity of transforming heat into work or work into heat, provided that
the total amount of heat is equivalent to the total amount of work,
and hence, energy is conserved in the process. The second law of
thermodynamics, however, places a definite limitation on the possi-
bility of transforming heat into work. If this were not the case, one
would be able to construct a dynamical system G, which, by extract-
ing heat from the environment, completely transforms this heat into
mechanical work. Since the supply of thermal energy contained in
the universe is virtually unlimited, such a dynamical system would
constitute a perpetuum mobile of the second kind.

There have been many statements of the second law of thermody-
namics, each emphasizing another facet of the law, but all can be
shown to be equivalent to one another. In this section we use the
power balance equation (5.1) and (5.2) in conjunction with a Carnot-
like cycle analysis for a large-scale dynamical system G to show the
equivalence between the classical Kelvin-Planck and Clausius state-
ments (postulates) of the second law of thermodynamics.

Kelvin-Planck. A transformation whose only final result is to
transform completely into work heat extracted from an infinite
energy source is impossible.1

Clausius. A transformation whose only final result is to trans-
fer heat from a body at a given temperature to a body at a higher
temperature is impossible.

1It is important to note that the Kelvin-Planck postulate assumes that the
complete transformation of heat into work is the only final result of the process.
It is not impossible to transform into work all the energy supplied to the system
G, provided that the state of the system is changed (see, for example, the analysis
of leg 0 − 1 in Figure 5.2).
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E1

E2

0

0

1

2

3

Figure 5.2 Carnot-like cycle: Leg 0−1 (isothermal), leg 1−2 (adiabatic), leg 2−3
(isothermal), leg 3 − 0 (adiabatic).

Note that Axiom ii) is equivalent to Clausius’ postulate as applied
to large-scale dynamical systems. Next, we show the equivalence of
the two previous statements. First, however, we consider a Carnot-
like cycle for the large-scale dynamical system G, which consists of two
isothermal and two adiabatic processes (see Figure 5.2). Recall that
a process is isothermal if the total (possibly scaled) energy (tempera-
ture) of the dynamical system G is conserved during this process, while
an adiabatic process is a process wherein no external energy in the
form of heat is supplied to the system (i.e., S(t) ≡ 0 and d(E, V ) ≡ 0).

First, assume the system undergoes an isothermal transformation
while receiving energy (heat) from an external source and performing
positive work on the environment so that the dynamics of this leg of
the process are given by

Ė(t) = w(E(t), V (t)) − dw0−1(E(t), V (t)) + S0−1(t), E(t0) = E0,

t1 ≥ t ≥ t0, (5.31)

or, since eTw(E, V ) ≡ 0 and eTĖ(t) = 0, t1 ≥ t ≥ t0,

0 = eTĖ(t) = −eTdw0−1(E(t), V (t)) + eTS0−1(t), t1 ≥ t ≥ t0.

(5.32)

Thus,

eTS0−1(t) = eTdw0−1(E(t), V (t)), t1 ≥ t ≥ t0, (5.33)

and hence, the work performed by the system during this leg of the
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process is, by definition,

L0−1 =

∫ t1

t0

eTdw0−1(E(t), V (t))dt. (5.34)

Moreover, it follows from (5.33) that the amount of energy (heat)
supplied to the system is Q0−1 = L0−1 > 0.

Next, we thermally isolate the dynamical system G from the envi-
ronment and let the system G perform work on the environment so
that the dynamics of the adiabatic process with the initial condition
E(t1) ∈ R

q
+ are given by

Ė(t) = w(E(t), V (t)) − dw1−2(E(t), V (t)), t2 ≥ t ≥ t1. (5.35)

During this leg of the process, the dynamical system G performs pos-
itive work on the environment by losing its internal energy so that,
by (5.35),

L1−2 =

∫ t2

t1

eTdw1−2(E(t), V (t))dt

=−

∫ t2

t1

eTĖ(t)dt

=−∆U

> 0, (5.36)

where ∆U � U(t2) − U(t1) = eTE(t2) − eTE(t1) is the variation of
the total energy in the system G.

Next, we perform an isothermal process during which positive work
is being performed on the system G while the system surrenders en-
ergy to the environment. The dynamics of this leg of the process are
characterized by

Ė(t) = w(E(t), V (t)) + Sw2−3(t)− d2−3(E(t), V (t)), E(t2) ∈ R
q
+,

t3 ≥ t ≥ t2, (5.37)

where eTĖ(t) ≡ 0. Thus, the work done by the system G during this
transformation is negative and is given by

L2−3 =−

∫ t3

t2

eTSw2−3(t)dt

=−

∫ t3

t2

eTd2−3(E(t), V (t))dt

=−Q2−3

< 0, (5.38)
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where Q2−3 > 0 is the amount of energy released to the environment.
Finally, we perform an adiabatic process to drive the system back

to its initial state E0 ∈ R
q
+, V0 ∈ R

q
+. During this process, work is

performed on the system by the environment so that the dynamics of
this leg of the process are given by

Ė(t) = w(E(t), V (t)) + Sw3−0(t), E(t3) ∈ R
q
+, t4 ≥ t ≥ t3. (5.39)

The work done by the dynamical system G during this transformation
is negative and is given by

L3−0 = −

∫ t4

t3

eTSw3−0(t)dt = −

∫ t4

t3

eTĖ(t)dt = ∆U < 0. (5.40)

Thus, it follows from (5.5) that the total work done by the system dur-
ing the cycle is given by L = Q0−1−Q2−3. This implies that only part
of the heat Q0−1 that is absorbed by the large-scale dynamical system
from the external source at a higher energy level is transformed into
work by the Carnot-like cycle; the rest of the heat Q2−3 is surrendered
to the external source at a lower energy level. Assuming an infinite
energy source and repeating this cycle arbitrarily often establishes the
impossibility of a perpetuum mobile of the second kind. Finally, since
the efficiency η of a Carnot-like cycle is given by the ratio of the work
done by the system and the energy supplied throughout the cycle, it
follows that

η =
Q0−1 − Q2−3

Q0−1
= 1 −

Q2−3

Q0−1
. (5.41)

To show the equivalence between the Kelvin-Planck and the Clau-
sius statements of the second law of thermodynamics, we use a re-
ductio ad absurdum argument along with a contrapositive argument,
that is, if one of the statements were not valid, then the other state-
ment would also not be valid, and vice versa. Hence, suppose, ad
absurdum, that in an isolated large-scale system energy can flow from
less energetic subsystems to more energetic subsystems. Then, for
a Carnot-like cycle we would be able to perform the last isothermal
(leg 2 − 3 in Figure 5.2) transformation without doing any external
work on the system G. Specifically, in this case the dynamics of the
isothermal process would be given by

Ė(t) = w(E(t), V (t)) − d2−3(E(t), V (t)), t3 ≥ t ≥ t2, (5.42)

and hence,

0 = eTĖ(t) = −eTd2−3(E(t), V (t)), t3 ≥ t ≥ t2, (5.43)
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which implies that

Q2−3 =

∫ t3

t2

eTd2−3(E(t), V (t))dt = 0. (5.44)

In this case, the efficiency of the Carnot cycle, given by (5.41), is
η = 1. Hence, it would be possible to transform into work all the
energy (heat) absorbed by the large-scale system G without producing
any other change in the system. This contradicts the Kelvin-Planck
postulate.

Conversely, suppose, ad absurdum, that it were possible to trans-
form completely into work an amount of energy (heat) supplied to
the system G by an infinite heat source with no other changes in
the system. Then it follows from (5.41) that Q2−3 = 0, and since
d2−3(E(t), V (t)) ≥≥ 0, t3 ≥ t ≥ t2, it follows that d2−3(E(t), V (t)) ≡
0. Moreover, since Sw2−3(t) ≥≥ 0, t3 ≥ t ≥ t2, it follows from (5.38)
that Sw2−3(t) ≡ 0. Here, it suffices to consider the case of two sub-
systems to arrive at a contradiction to Clausius’ postulate. In this
particular case, the dynamics characterized by (5.37) of the second
isothermal process become

Ė(t) = w(E(t), V (t)), t3 ≥ t ≥ t2. (5.45)

Premultiplying (5.45) by ET(t), t3 ≥ t ≥ t2, and using the fact that
during this isothermal transformation Ė1(t) = −Ė2(t) ≤ 0, t3 ≥ t ≥
t2, and E1(t) ≤ E2(t), t3 ≥ t ≥ t2, (see Figure 5.2), it follows that for
t3 ≥ t ≥ t2,

[E1(t) − E2(t)]φ12(E(t), V (t)) = [E1(t) − E2(t)]Ė1(t) ≥ 0, (5.46)

which implies that during this isothermal transformation energy flows
from the less energetic subsystem G1 (cooler object) to the more ener-
getic subsystem G2 (hotter object). This contradicts Clausius’ postu-
late. Thus, the Kelvin-Planck and Clausius statements of the second
law of thermodynamics are equivalent.



Chapter Six

Thermodynamic Systems with Linear

Energy Exchange

6.1 Linear Thermodynamic System Models

In this chapter we specialize the results of Chapter 3 to the case of
large-scale dynamical systems with linear energy exchange between
subsystems, that is, w(E) = WE and d(E) = DE, where W ∈ R

q×q

and D ∈ R
q×q. In this case, the vector form of the energy balance

equation (3.1), with t0 = 0, is given by

E(T ) = E(0) +

∫ T

0
WE(t)dt −

∫ T

0
DE(t)dt +

∫ T

0
S(t)dt, T ≥ 0,

(6.1)

or, in power balance form,

Ė(t) = WE(t) − DE(t) + S(t), E(0) = E0, t ≥ 0. (6.2)

Next, let the net energy flow from the jth subsystem Gj to the ith
subsystem Gi be parameterized as φij(E) = ΦT

ijE, where Φij ∈ R
q

and E ∈ R
q
+. In this case, since wi(E) =

∑q
i=1, j �=i φij(E), it follows

that

W =




q∑

j=2

Φ1j , ...,

q∑

j=1, j �=i

Φij , ...,

q−1∑

j=1

Φqj





T

. (6.3)

Since φij(E) = −φji(E), i, j = 1, ..., q, i �= j, and E ∈ R
q
+, it follows

that Φij = −Φji, i �= j, i, j = 1, ..., q. The following proposition gives
necessary and sufficient conditions on W so that Axioms i) and ii)
hold.

Proposition 6.1 Consider the large-scale dynamical system G with
power balance equation given by (6.2) and with D = 0. Then Axioms
i) and ii) hold if and only if W = WT, We = 0, rankW = q− 1, and
W is essentially nonnegative.
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Proof. Assume Axioms i) and ii) hold. Since by Axiom ii) (Ei −
Ej)φij(E) ≤ 0, E ∈ R

q
+, it follows that ETΦije

T
ijE ≤ 0, i, j = 1, ..., q,

i �= j, where E ∈ R
q
+ and eij ∈ R

q is a vector whose ith entry is
1, jth entry is −1, and remaining entries are zero. Next, it can be
shown that ETΦije

T
ijE ≤ 0, E ∈ R

q
+, i �= j, i, j = 1, ..., q, if and

only if Φij ∈ R
q is such that its ith entry is −σij , its jth entry is

σij , where σij ≥ 0, and its remaining entries are zero. Furthermore,
since Φij = −Φji, i �= j, i, j = 1, ..., q, it follows that σij = σji, i �= j,
i, j = 1, ..., q. Hence, W is given by

W(i,j) =

{
−
∑q

k=1, k �=j σkj , i = j,

σij , i �= j,
(6.4)

which implies that W is symmetric (since σij = σji), essentially non-
negative, and We = 0. Now, since by Axiom i) φij(E) = 0 if and only
if Ei = Ej for all i, j = 1, ..., q, i �= j, such that C(i,j) = 1, it follows
that σij > 0 for all i, j = 1, ..., q, i �= j, such that C(i,j) = 1. Hence,
rank W = rank C = q − 1.

The converse is immediate and hence is omitted.

Next, we specialize the energy balance equation (6.2) to the case
where D = diag[σ11, σ22, ..., σqq]. In this case, the vector form of the
energy balance equation (6.1) is given by

E(T ) = E(0) +

∫ T

0
AE(t)dt +

∫ T

0
S(t)dt, T ≥ 0, (6.5)

or, in power balance form,

Ė(t) = AE(t) + S(t), E(0) = E0, t ≥ 0, (6.6)

where A � W − D is such that

A(i,j) =

{
−
∑q

k=1 σkj , i = j,
σij , i �= j.

(6.7)

Note that (6.7) implies
∑q

i=1 A(i,j) = −σjj ≤ 0, j = 1, ..., q, and
hence, A is a semistable compartmental matrix (see iv) of Lemma
6.1). If σii > 0, i = 1, ..., q, then A is an asymptotically stable com-
partmental matrix.

An important special case of (6.6) is the case where A is symmetric
or, equivalently, σij = σji, i �= j, i, j = 1, ..., q. In this case, it follows
from (6.6) that for each subsystem the power balance equation satisfies

Ėi(t) + σiiEi(t) +

q∑

j=1, j �=i

σij [Ei(t) − Ej(t)] = Si(t), t ≥ 0. (6.8)
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Note that φi(E) �
∑q

j=1, j �=i σij [Ei − Ej ], E ∈ R
q
+, i = 1, ..., q, repre-

sents the energy flow from the ith subsystem to all other subsystems
and is given by the sum of the individual energy flows from the ith
subsystem to the jth subsystem. Furthermore, these energy flows
are proportional to the energy differences of the subsystems, that
is, Ei − Ej . Hence, (6.8) is a power balance equation that governs
the energy exchange among coupled subsystems and is completely
analogous to the equations of thermal transfer with subsystem ener-
gies playing the role of temperatures. Furthermore, note that since
σij ≥ 0, i �= j, i, j = 1, ..., q, energy flows from more energetic subsys-
tems to less energetic subsystems, which is consistent with the second
law of thermodynamics requiring that heat (energy) must flow in the
direction of lower temperatures.

The next lemma and proposition are needed for developing expres-
sions for steady-state energy distributions of the large-scale dynamical
system G with the linear power balance equation (6.6).

Lemma 6.1 Let A ∈ R
q×q be compartmental and S ∈ R

q. Then the
following properties hold:

i) −A is an M -matrix.

ii) If λ ∈ spec(A), then either Re λ < 0 or λ = 0.

iii) ind (A) ≤ 1.

iv) A is semistable and limt→∞ eAt = Iq − AA# ≥≥ 0.

v) R(A) = N (Iq − AA#) and N (A) = R(Iq − AA#).

vi)
∫ t
0 eAsds = A#(eAt − Iq) + (Iq − AA#)t, t ≥ 0.

vii)
∫∞
0 eAtdt S exists if and only if S ∈ R(A), where S ∈ R

q.

viii) If S ∈ R(A), then
∫∞
0 eAtdt S = −A#S.

ix) If S ∈ R(A) and S ≥≥ 0, then −A#S ≥≥ 0.

x) A is nonsingular if and only if −A is a nonsingular M -matrix.

xi) If A is nonsingular, then A is asymptotically stable and −A−1

≥≥ 0.

Proof. The proof of the result appears in [10]. For completeness
of exposition, we provide a proof here.
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i) Since, by (6.7), −ATe ≥≥ 0, and −A is a Z-matrix, it follows
from Theorem 1 of [7] that −AT, and hence, −A is an M -matrix.

ii) Since −A is an M -matrix, it follows from Theorem 4.6 of [6,
p. 150], that Re λ < 0 or λ = 0, where λ ∈ spec(A).

iii) This follows from the fact that since −ATe ≥≥ 0, then −A
has “property c” (see [6, p. 152 and 155]). Hence, since an M -matrix
−A ∈ R

q×q has “property c” if and only if ind(−A) ≤ 1 (see [6, Lemma
4.11, p. 153]), it follows that ind(−A) = ind(A) ≤ 1.

iv) Since ind(A) ≤ 1, it follows from the real Jordan decomposition
that there exist invertible matrices J ∈ R

r×r, where r = rank A, and
T ∈ R

q×q such that

A = T

[
J 0
0 0

]

T−1 (6.9)

and J is asymptotically stable. Hence, it follows that

lim
t→∞

eAt = lim
t→∞

T

[
eJt 0
0 Iq−r

]

T−1

= T

[
0 0
0 Iq−r

]

T−1

= Iq − T

[
J 0
0 0

]

T−1T

[
J−1 0
0 0

]

T−1

= Iq − AA#. (6.10)

Next, since A is essentially nonnegative, it follows from Corollary 2.1
that eAt ≥≥ 0, t ≥ 0, which implies that Iq − AA# ≥≥ 0.

v) Let x ∈ R(A), that is, there exists y ∈ R
q such that x = Ay.

Now, (I − AA#)x = x − AA#Ay = x − Ay = 0, which implies that
R(A) ⊆ N (I − AA#). Conversely, let x ∈ N (I − AA#). Hence,
(I − AA#)x = 0 or, equivalently, x = AA#x, which implies that
x ∈ R(A), and hence, proves R(A) = N (I − AA#). The equality
N (A) = R(I − AA#) can be proved in an analogous manner.

vi) Note that A = T

[
J 0
0 0

]

T−1, and hence,

∫ t

0
eAσdσ =

∫ t

0
T

[
eJσ 0
0 Iq−r

]

T−1dσ

= T

[ ∫ t
0 eJσdσ 0

0
∫ t
0 Iq−rdσ

]

T−1

= T

[
J−1(eJt − Ir) 0

0 Iq−rt

]

T−1
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= T

[
J−1 0
0 0

]

T−1T

[
(eJt − Ir) 0

0 −Iq−r

]

T−1

+T

[
0 0
0 Iq−rt

]

T−1

= A#(eAt − Iq) + (Iq − AA#)t, t ≥ 0. (6.11)

vii) The result is a direct consequence of iv), v), and vi).
viii) The result is a direct consequence of iv) and vi).
ix) The result follows from viii) and the fact that eAt ≥≥ 0, t ≥ 0.
x) The result follows from i).
xi) Asymptotic stability of A is a direct consequence of ii), while

A−1 ≤≤ 0 follows from ix) with S = coli(Iq), i = 1, ..., q, where
coli(Iq) denotes the ith column of Iq.

Proposition 6.2 Consider the large-scale dynamical system G with
power balance equation given by (6.6). Suppose E0 ≥≥ 0 and S(t) ≥≥
0, t ≥ 0. Then the solution E(t) to (6.6) is nonnegative for all t ≥ 0
if and only if A is essentially nonnegative.

Proof. It follows from Lagrange’s formula that the solution E(t),
t ≥ 0, to (6.6) is given by

E(t) = eAtE(0) +

∫ t

0
eA(t−σ)S(σ)dσ, t ≥ 0. (6.12)

Now, if A is essentially nonnegative, it follows from Corollary 2.1 that
eAt ≥≥ 0, t ≥ 0, and if E(0) ∈ R

q
+ and S(t) ≥≥ 0, t ≥ 0, then it

follows that E(t) ≥≥ 0 for all t ≥ 0.
Conversely, suppose that the solution E(t), t ≥ 0, to (6.6) is non-

negative for all E0 ≥≥ 0. Then, with S(t) ≡ 0, E(t) = eAtE0, and
hence, eAt is nonnegative for all t ≥ 0. Thus, it follows from Corollary
2.1 that A is essentially nonnegative, which proves the result.

Next, we develop expressions for the steady-state energy distribu-
tion for the large-scale dynamical system G for the cases where sup-
plied system power S(t) is a periodic function with period τ > 0 (that
is, S(t + τ) = S(t), t ≥ 0) and S(t) is constant (that is, S(t) ≡ S).
Define e(t) � E(t) − E(t + τ), t ≥ 0, and note that

ė(t) = Ae(t), e(0) = E(0) − E(τ), t ≥ 0. (6.13)

Hence, since

e(t) = eAt[E(0) − E(τ)], t ≥ 0, (6.14)
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and A is semistable, it follows from iv) of Lemma 6.1 that

lim
t→∞

e(t) = lim
t→∞

[E(t) − E(t + τ)] = (Iq − AA#)[E(0) − E(τ)], (6.15)

which represents a constant offset to the steady-state error energy
distribution in the large-scale dynamical system G. For the case where
S(t) ≡ S, τ → ∞, and hence, the following result is immediate. This
result first appeared in [10].

Proposition 6.3 Consider the large-scale dynamical system G with
power balance equation given by (6.6). Suppose that E0 ≥≥ 0 and
S(t) ≡ S ≥≥ 0. Then E∞ � limt→∞ E(t) exists if and only if S ∈
R(A). In this case,

E∞ = (Iq − AA#)E0 − A#S (6.16)

and E∞ ≥≥ 0. If, in addition, A is nonsingular, then E∞ exists for
all S ≥≥ 0 and is given by

E∞ = −A−1S. (6.17)

Proof. Note that it follows from Lagrange’s formula that the solu-
tion E(t), t ≥ 0, to (6.6) is given by

E(t) = eAtE(0) +

∫ t

0
eA(t−σ)Sdσ, t ≥ 0. (6.18)

Now, the result is a direct consequence of Proposition 6.2 and iv),
vii), viii), and ix) of Lemma 6.1.

6.2 Semistability and Energy Equipartition in Linear

Thermodynamic Models

In this section, we show that an isolated large-scale linear dynamical
system as well as a nonisolated large-scale linear dynamical system
with strong coupling between subsystems and a constant heat flux
input has a tendency to uniformly distribute its energy among all of
its parts. First, we begin by specializing the result of Proposition 6.3
to the case where there is no energy dissipation from each subsystem
Gi of G, that is, σii = 0, i = 1, ..., q. Note that in this case eTA = 0,
and hence, rankA ≤ q − 1. Furthermore, if S = 0, it follows from
(6.6) that eTĖ(t) = eTAE(t) = 0, t ≥ 0, and hence, the total energy
of the isolated large-scale dynamical system G is conserved.
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Theorem 6.1 Consider the large-scale dynamical system G with pow-
er balance equation given by (6.6). Assume rank A = q − 1, σii =
0, i = 1, ..., q, and A = AT. If E0 ≥≥ 0 and S(t) ≡ 0, then the
equilibrium state αe, α ≥ 0, of the isolated system G is semistable
and the steady-state energy distribution E∞ of the isolated large-scale
dynamical system G is given by

E∞ =

[
1

q

q∑

i=1

Ei0

]

e. (6.19)

If, in addition, for some k ∈ {1, ..., q}, σkk > 0, then the zero solution
E(t) ≡ 0 to (6.6) is globally asymptotically stable.

Proof. Note that since eTA = 0 it follows from (6.6) with S(t) ≡ 0
that eTĖ(t) = 0, t ≥ 0, and hence, eTE(t) = eTE0, t ≥ 0. Fur-
thermore, since by Proposition 6.2 the solution E(t), t ≥ t0, to (6.6)
is nonnegative, it follows that 0 ≤ Ei(t) ≤ eTE(t) = eTE0, t ≥ 0,
i = 1, ..., q. Hence, the solution E(t), t ≥ 0, to (6.6) is bounded for all
E0 ∈ R

q
+. Next, note that φij(E) = σij(Ej−Ei) and (Ei−Ej)φij(E) =

−σij(Ei − Ej)
2 ≤ 0, E ∈ R

q
+, i �= j, i, j = 1, ..., q, which implies that

Axioms i) and ii) are satisfied, and hence, G is a thermodynamically
consistent linear energy flow model. Thus, E = αe, α ≥ 0, is the equi-
librium state of the isolated large-scale dynamical system G. To show
Lyapunov stability of the equilibrium state αe, consider the shifted-
system ectropy function Es(E) = 1

2(E − αe)T(E − αe), E ∈ R
q
+, as a

Lyapunov function candidate. Then the Lyapunov derivative is given
by

Ės(E) = (E − αe)TAE

=ETAE

=−

q∑

i=1

q∑

j=i+1

σij(Ei − Ej)
2

≤ 0, E ∈ R
q
+, (6.20)

which implies Lyapunov stability of the equilibrium state αe, α ≥ 0.
Next, consider the set R � {E ∈ R

q
+ : Ės(E) = 0} = {E ∈ R

q
+ :

ETAE = 0}. Since A is compartmental and symmetric, it follows
from ii) of Lemma 6.1 that A is a negative semi-definite matrix, and
hence, ETAE = 0 if and only if AE = 0. Since, by assumption
rankA = q − 1, it follows that there exists one and only one linearly
independent solution to AE = 0 given by E = e. Hence, R = {E ∈
R

q
+ : E = αe, α ≥ 0}. Since R consists of only equilibrium states
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of (6.6), it follows that M = R, where M is the largest invariant
set contained in R. Hence, for every E0 ∈ R

q
+, it follows from the

Krasovskii-LaSalle invariant set theorem that E(t) → αe as t → ∞
for some α ≥ 0, and hence, αe, α ≥ 0, is a semistable equilibrium state
of (6.6). Furthermore, since the energy is conserved in the isolated
large-scale dynamical system G, it follows that qα = eTE0. Thus,
α = 1

q

∑q
i=1 Ei0, which implies (6.19).

Finally, to show that in case where σkk > 0 for some k ∈ {1, ..., q},
the zero solution E(t) ≡ 0 to (6.6) is globally asymptotically stable,
consider the system ectropy E(E) = 1

2ETE, E ∈ R
q
+, as a Lyapunov

function candidate. Note that Lyapunov stability of the zero equilib-
rium state follows from the previous analysis with α = 0. Next, the
Lyapunov derivative is given by

Ė(E) = ETAE = −

q∑

i=1

q∑

j=i+1

σij(Ei − Ej)
2 − σkkE

2
k , E ∈ R

q
+.(6.21)

Consider the set R � {E ∈ R
q
+ : Ė(E) = 0} = {E ∈ R

q
+ : E1 =

· · · = Eq} ∩ {E ∈ R
q
+ : Ek = 0, k ∈ {1, ..., q}} = {0}. Hence,

the largest invariant set contained in R is given by M = R = {0}.
Thus, it follows from the Krasovskii-LaSalle invariant set theorem
that E(t) → M = {0} as t → ∞, which proves that the zero solution
E(t) ≡ 0 to (6.6) is globally asymptotically stable.

The result of Theorem 6.1 can also be obtained as a direct con-
sequence of Theorem 3.9 with w(E) = WE and d(E) = DE. To
see this, note that it follows from Proposition 6.1 that the symme-
try condition W = WT along with We = 0 and rankW = q − 1
ensure that Axioms i) and ii) are satisfied for the linear energy flow
model (6.6). Furthermore, the condition rankW = q − 1 ensures that
the directed graph associated with the connectivity matrix C for G is
strongly connected. The result now follows from Theorem 3.9.

Finally, we examine the steady-state energy distribution for large-
scale linear dynamical systems G in case of strong coupling between
subsystems, that is, σij → ∞, i �= j, i, j = 1, ..., q. For this analysis
we assume that A given by (6.7) is symmetric, that is, σij = σji, i �=
j, i, j = 1, ..., q, and σii > 0, i = 1, ..., q. Thus, −A is a nonsingular
M -matrix for all values of σij , i �= j, i, j = 1, ..., q. Moreover, in this
case it follows that if

σij

σkl
→ 1 as σij → ∞, i �= j, and σkl → ∞, k �= l,

then

lim
σij→∞, i�=j

A−1 = lim
σ→∞

[−D + σ(−qIq + eeT)]−1, (6.22)
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where D = diag[σ11, ..., σqq] > 0. The following lemmas are needed
for the next result.

Lemma 6.2 Let Y ∈ R
q×q be such that ind (Y ) ≤ 1. Then limσ→∞(Iq−

σY )−1 = Iq − Y #Y .

Proof. Note that

(Iq − σY )−1 = Iq + σ(Iq − σY )−1Y

= Iq +

(
1

σ
Iq − Y

)−1

Y

= Iq −

(

Y −
1

σ
Iq

)−1

Y. (6.23)

Now, using the fact that if N ∈ R
q×q and indN ≤ 1, then

lim
α→0

(N + αI)−1N = NN# = N#N, (6.24)

it follows that

lim
σ→∞

(Iq − σY )−1 = Iq − lim
1
σ
→0

(

Y −
1

σ
Iq

)−1

Y = Iq − Y #Y, (6.25)

which proves the result.

Lemma 6.3 Let D ∈ R
q×q and X ∈ R

q×q be such that D > 0 and
X = −qIq + eeT. Then

Iq − Y #Y =
D

1
2 eeTD

1
2

eTDe
, (6.26)

where Y � D− 1
2 XD− 1

2 .

Proof. Note that

Y = D− 1
2 (−qIq + eeT)D− 1

2 = −qD−1 + D− 1
2 eeTD− 1

2 . (6.27)

Now, using the fact that if N ∈ R
q×q is nonsingular and symmetric

and b ∈ R
q is a nonzero vector, then [74]

(N + bbT)#

=

(

I −
1

bTN−2b
N−1bbTN−1

)

N−1

(

I −
1

bTN−2b
N−1bbTN−1

)

,

(6.28)
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it follows that

−Y # =
1

q

(

Iq −
D

1
2 eeTD

1
2

eTDe

)

D

(

Iq −
D

1
2 eeTD

1
2

eTDe

)

. (6.29)

Hence,

−Y #Y =−

(

Iq −
D

1
2 eeTD

1
2

eTDe

)

D

(

Iq −
D

1
2 eeTD

1
2

eTDe

)

·

(

D−1 −
1

q
D− 1

2 eeTD− 1
2

)

=−

(

Iq −
D

1
2 eeTD

1
2

eTDe

)

. (6.30)

Thus, Iq − Y #Y = D
1
2 eeTD

1
2

eTDe .

Proposition 6.4 Consider the large-scale dynamical system G with
power balance equation given by (6.6). Let S(t) ≡ S, S ∈ R

q×q, let
A ∈ R

q×q be compartmental, and assume A is symmetric, σii > 0, i =
1, ..., q, and

σij

σkl
→ 1 as σij → ∞, i �= j, and σkl → ∞, k �= l. Then

the steady-state energy distribution E∞ of the large-scale dynamical
system G is given by

E∞ =

[
eTS

∑q
i=1 σii

]

e. (6.31)

Proof. Note that in the case where
σij

σkl
→ 1 as σij → ∞, i �= j, and

σkl → ∞, k �= l, it follows that limσij→∞, i�=j A−1 is given by (6.22).

Next, with D = diag[σ11, ..., σqq] and X = −qIq + eeT, it follows that

A = −D + σX = −D
1
2 (Iq − σD− 1

2 XD− 1
2 )D

1
2 . Now, it follows from

Lemmas 6.2 and 6.3 that

E∞ = lim
σij→∞, i�=j

(−A−1S) =
eeT

eTDe
S =

[
eTS

∑q
i=1 σii

]

e, (6.32)

which proves the result.

Proposition 6.4 shows that in the limit of strong coupling, the
steady-state energy distribution E∞ given by (6.17) becomes

E∞ = lim
σij→∞, i�=j

(−A−1S) =

[
eTS

∑q
i=1 σii

]

e, (6.33)

which implies energy equipartition. This result first appeared in [10].



Chapter Seven

Continuum Thermodynamics

7.1 Conservation Laws in Continuum Thermodynamics

In this chapter we extend the results of Chapter 3 to the case of con-
tinuum thermodynamic systems, where the subsystems are uniformly
distributed over an n-dimensional space. Since these thermodynamic
systems involve distributed subsystems, they are described by partial
differential equations and hence are infinite-dimensional systems. Our
formulation in this chapter involves a unification of the behavior of
heat as described by the equations of thermal transfer and classical
thermodynamics. With the notable exception of [11], the amalgama-
tion of these classical disciplines of physics is virtually nonexistent in
the literature. Specifically, we consider continuous dynamical systems
G defined over a compact connected set V ⊂ R

n with a smooth (at
least C1) boundary ∂V and volume Vvol. Furthermore, let X denote
a space of two-times continuously differentiable scalar functions de-
fined on V, let u(x, t), where u : V × [0,∞) → R+, denote the energy
density of the dynamical system G at the point x � [x1, ..., xn]T ∈ V
and time instant t ≥ t0, let φ : V ×R+ ×R

n → R
n denote the system

energy flow within the continuum V, that is, φ(x, u(x, t),∇u(x, t)) =
[φ1(x, u(x, t),∇u(x, t)), ..., φn(x, u(x, t),∇u(x, t))]T, where φi(·, ·, ·) de-
notes the energy flow through a unit area per unit time in the xi direc-
tion for all i = 1, ..., n, and ∇u(x, t) � [D1u(x, t), ..., Dnu(x, t)], x ∈
V, t ≥ t0, denotes the gradient of u(·, t) with respect to the spatial
variable x, and let s : V × [0,∞) → R+ denote the energy (heat) flow
into a unit volume per unit time from sources uniformly distributed
over V.

To obtain the power balance equation for a uniformly distributed
thermodynamic system, note that for any smooth, bounded region
V ⊂ R

n, the integral
∫
V u(x, t)dV denotes the total amount of energy

within V at time t. Hence, the rate of change of energy within V is
governed by the flux function φ : V ×R+×R

n → R
n and the external

supplied power s : V × [0,∞) → R+, which control the rate of loss
and increase of the total energy through the boundary ∂V and the
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interior
◦
V of V, respectively. Hence, for each time t,

d

dt

∫

V
u(x, t)dV =−

∫

∂V
φ(x, u(x, t),∇u(x, t)) · n̂(x)dSV

+

∫

V
s(x, t)dV, (7.1)

where n̂(x) denotes the outward normal vector to the boundary ∂V
(at x) of the set V, dSV denotes an infinitesimal surface element of
the boundary of the set V, and “·” denotes the dot product in R

n.
Using the divergence theorem, it follows from (7.1) that

d

dt

∫

V
u(x, t)dV =−

∫

∂V
φ(x, u(x, t),∇u(x, t)) · n̂(x)dSV

+

∫

V
s(x, t)dV

=−

∫

V
∇ · φ(x, u(x, t),∇u(x, t))dV +

∫

V
s(x, t)dV,

(7.2)

where ∇ denotes the nabla operator. Since the region V ⊂ R
n is ar-

bitrary, it follows that the power balance equation over a unit volume
within the continuum V involving the rate of energy density change,
the external supplied power (heat flux), and the energy (heat) flow
within the continuum is given by

∂u(x, t)

∂t
=−∇ · φ(x, u(x, t),∇u(x, t)) + s(x, t), x ∈ V, t ≥ t0,(7.3)

u(x, t0) = ut0(x), x ∈ V, φ(x, u(x, t),∇u(x, t)) · n̂(x) ≥ 0, x ∈ ∂V,

t ≥ t0, (7.4)

where ut0 ∈ X is a given initial energy density distribution.
The power balance (conservation) equation (7.3) describes the time

evolution of the energy density u(x, t) over the region V, while the
boundary condition in (7.4) involving the dot product implies that
the energy of the system G can either be stored or dissipated but not
supplied through the boundary of V. Here, for simplicity of exposition,
we assume that there is no work done by the system on the environ-
ment nor is there work done by the environment on the system. This
extension can be easily handled by modifying the natural boundary
condition for (7.3). In particular, this case would require that the sys-
tem (7.3) and (7.4) is such that at every instant of time the domain V
and its boundary ∂V are defined as V = {x ∈ R

n : f(x, t) ≤ 0, t ≥ t0}
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and ∂V = {x ∈ R
n : f(x, t) = 0, t ≥ t0}, where f : R

n × [0,∞) → R

is a given continuously differentiable function, and consequently, the
outward normal vector to the boundary ∂V at x ∈ ∂V and time t ≥ t0
is given by n̂T(x, t) = ∇f(x, t).

We denote the energy density distribution over the set V at time
t ≥ t0 by ut ∈ X so that for each t ≥ t0 the set of mappings gen-
erated by ut(x) ≡ u(x, t) for every x ∈ V gives the flow of G. We
assume that the function φ(·, ·, ·) is continuously differentiable so that
(7.3) and (7.4) admits a unique solution u(x, t), x ∈ V, t ≥ t0, and
u(·, t) ∈ X , t ≥ t0, is continuously dependent on the initial energy
density distribution ut0(x), x ∈ V. It is well known, however, that
nonlinear partial differential equations need not have smooth differ-
entiable solutions (classical solutions), and one has to use the notion
of distributions that provides a framework in which the energy density
function u(x, t) may be differentiated in a generalized sense infinitely
often [38]. In this case, one has a well-defined notion of solutions that
have jump discontinuities, which propagate as shock waves. Thus,
one has to deal with generalized or weak solutions wherein unique-
ness is lost. In this case, the Clausius-Duhem inequality is invoked
for identifying the physically relevant (i.e., thermodynamically ad-
missible) solution. (For further details, see [33, 38].) If ut0 is a two-
times continuously differentiable function with compact support and
its derivative is sufficiently small on [t0,∞), then the classical solution
to (7.3) and (7.4) breaks down at a finite time. As a consequence of
this, one may only hope to find generalized (or weak) solutions to (7.3)
and (7.4) over the semi-infinite interval [t0,∞), that is, L∞ functions1

u(·, ·) that satisfy (7.3) in the sense of distributions, which provides
a framework in which u(·, ·) may be differentiated in a general sense
infinitely often.

Next, we establish the uniqueness of the internal energy functional
U(ut), ut ∈ X , for the dynamical system G defined by

U(ut0) �

∫

V
u(x, t0)dV, ut0 ∈ X . (7.5)

First, however, the following result on local controllability of our
continuum thermodynamic model is required. For this result, let

1L∞ denotes the space of bounded Lebesgue measurable functions on V and
provides the broadest framework for weak solutions. Alternatively, a natural func-
tion class for weak solutions is the space BV consisting of functions of bounded
variation. Recall that a bounded measurable function u(x, t) has locally bounded
variation if its distributional derivatives are locally finite Radon measures.
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Lp = Lp(V) denote a Lebesgue space, that is,

Lp = {ut : V → R : ut is measurable2 and ‖ut‖Lp < ∞},

where

‖ut‖Lp �

[∫

V
|ut|

pdV

]1/p

, 1 ≤ p < ∞, (7.6)

and if p = ∞,

‖ut‖L∞
� ess sup

V
|ut|, (7.7)

where “ess” denotes essential.

Lemma 7.1 Consider the dynamical system G with power balance
equation (7.3) and (7.4). Then for every equilibrium state ue(·) ∈ X
and every ε > 0 and T > 0, there exist se : V → R, α > 0, and
T̂ ∈ [0, T ] such that for every û(·) ∈ X with ‖û − ue‖Lp ≤ αT , there

exists s : V × [0, T̂ ] → R such that ‖s(·, t) − se(·)‖Lp ≤ ε, t ∈ [0, T̂ ],

and u(x, t) = ue(x) + û(x)−ue(x)

T̂
t, x ∈ V, t ∈ [0, T̂ ].

Proof. Note that with se(x) = ∇ · φ(x, ue(x),∇ue(x)), x ∈ V, the
state ue(·) ∈ X is an equilibrium state of (7.3) and (7.4). Let θ > 0
and T > 0, and define

M(θ, T ) � sup
u(·)∈B1(0), t∈[0,T ]

‖ −∇ · φ(·, ue(·) + θtu(·),∇ue(·)

+θt∇u(·)) + se(·)‖Lp , (7.8)

where B1(0) denotes the closed unit ball in Lp. Note that for every
T > 0, limθ→0+ M(θ, T ) = 0, and for every θ > 0, limT→0+ M(θ, T ) =
0. Next, let ε > 0 and T > 0 be given, and let α > 0 be such
that M(α, T ) + α ≤ ε. (The existence of such an α is guaranteed
since M(α, T ) → 0 as α → 0+.) Now, let û(·) ∈ X be such that

‖û − ue‖Lp ≤ αT . With T̂ �
‖û−ue‖Lp

α ≤ T and

s(x, t) = ∇ · φ(x, u(x, t),∇u(x, t)) + α
û(x) − ue(x)

‖û − ue‖Lp

, x ∈ V,

t ∈ [0, T̂ ], (7.9)

2A function ut : V → R is measurable if it is the pointwise limit, except for a
set of Lebesgue measure zero, of a sequence of piecewise constant functions on V.
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it follows that

u(x, t) = ue(x) +
û(x) − ue(x)

‖û − ue‖Lp

αt, x ∈ V, t ∈ [0, T̂ ], (7.10)

is a solution to (7.3) and (7.4). The result is now immediate by noting

that u(x, T̂ ) = û(x), x ∈ V, and

‖s(·, t) − se(·)‖Lp ≤‖ −∇ · φ(·, u(·, t),∇u(·, t)) + se(·)‖Lp + α

≤M(α, T ) + α

≤ ε, t ∈ [0, T̂ ]. (7.11)

It follows from Lemma 7.1 that the dynamical system G given by
(7.3) and (7.4) is controllable to the zero energy density distribution,
that is, for every ut0 ∈ X there exists a finite time tf ≥ t0 and s(·, ·) ∈
U defined on x ∈ V and t ∈ [t0, tf ] such that the energy density
distribution u(x, t) can be driven from u(x, t0) = ut0(x) to u(x, tf) =
0, x ∈ V. Here, U denotes the set of all uniformly bounded in x
and continuous in x and t energy inputs s(·, ·) to the system G. In
addition, it follows from Lemma 7.1 that (7.3) and (7.4) is reachable
from the zero energy density distribution, that is, for every ut0 ∈ X
there exists a finite time ti ≤ t0 and s(·, ·) ∈ U defined on x ∈ V
and t ∈ [ti, t0] such that the energy density distribution u(x, t) can
be driven from u(x, ti) = 0 to u(x, t0) = ut0(x), x ∈ V. Next, let
Uc ⊂ U denote the set of all energy inputs to the system G such that
for any T ≥ t0 the system energy distribution can be driven from
u(x, t0) = ut0(x), ut0 ∈ X , to u(x, T ) = 0, x ∈ V, by s(·, ·) ∈ Uc,
and we let Ur ⊂ U denote the set of all energy inputs to the system
G such that for any T ≥ −t0 the system energy distribution can be
driven from u(x,−T ) = 0 to u(x, t0) = ut0(x), x ∈ V, ut0 ∈ X , by
s(·, ·) ∈ Ur.

For the statement of the next result, define the available energy of
the dynamical system G by

Ua(ut0)�− inf
s(·,·)∈U , T≥t0

∫ T

t0

[∫

V
s(x, t)dV

−

∫

∂V
φ(x, u(x, t),∇u(x, t)) · n̂(x)dSV

]

dt, ut0 ∈ X ,

(7.12)
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and the required energy supply of the dynamical system G by

Ur(ut0)� inf
s(·,·)∈Ur, T≥−t0

∫ t0

−T

[∫

V
s(x, t)dV

−

∫

∂V
φ(x, u(x, t),∇u(x, t)) · n̂(x)dSV

]

dt, ut0 ∈ X .

(7.13)

Note that the available energy Ua(ut0) is the maximum amount of
stored energy (net heat) that can be extracted from the dynamical
system G at any time T , and the required energy supply Ur(ut0) is the
minimum amount of energy (net heat) that can be delivered to the
dynamical system G to transfer it from a state of minimum energy
density distribution u−T = u(x,−T ) = 0, x ∈ V, to a state of given
energy density distribution ut0 ∈ X .

Theorem 7.1 Consider the dynamical system G with power balance
equation (7.3) and (7.4). Then G is lossless with respect to the energy
supply rate

∫
V s(x, t)dV −

∫
V y(x, t)dV, where y(x, t) ≡ ∇·φ(x, u(x, t),

∇u(x, t)), and with the unique energy storage functional corresponding
to the total energy of the dynamical system G given by

U(ut0) =

∫

V
u(x, t0)dV

=−

∫ T+

t0

[∫

V
s(x, t)dV −

∫

V
y(x, t)dV

]

dt

=

∫ t0

−T−

[∫

V
s(x, t)dV −

∫

V
y(x, t)dV

]

dt, ut0 ∈ X , (7.14)

where u(x, t), x ∈ V, t ≥ t0, is the solution to (7.3) and (7.4) with
admissible input s(·, ·) ∈ U , u−T−

= 0, uT+
= 0, and ut0 ∈ X . Fur-

thermore,

0 ≤ Ua(ut0) = U(ut0) = Ur(ut0) < ∞, ut0 ∈ X . (7.15)

Proof. First, it follows from Lemma 7.1 that G is reachable from
and controllable to the origin in X . Next, it follows from (7.2) that

U(ut) − U(ut0) =

∫ t

t0

[∫

V
s(x, t)dV

−

∫

V
∇ · φ(x, u(x, t),∇u(x, t))dV

]

dt, (7.16)
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which shows that the dynamical system G is lossless with respect to
the energy supply rate

∫
V s(x, t)dV−

∫
V y(x, t)dV and with the energy

storage functional U(ut0) =
∫
V u(x, t0)dV, ut0 ∈ X . The remainder of

the proof now follows identically as in the proof of Theorem 3.1 by
noting that

∫

V
∇ · φ(x, u(x, t),∇u(x, t))dV =

∫

∂V
φ(x, u(x, t),∇u(x, t)) · n̂(x)dSV ,

(7.17)

which in turn follows from the divergence theorem.

It follows from (7.16) that the dynamical system G is lossless with
respect to the net heat supply rate

∫
V s(x, t)dV −

∫
V y(x, t)dV and

with the unique energy storage functional U(ut0) given by (7.5). This
is in essence a statement of the first law of thermodynamics for iso-
choric transformations of infinite-dimensional systems. As in Chap-
ter 3, to ensure a thermodynamically consistent energy flow infinite-
dimensional model, we require the following axioms which are analo-
gous to Axioms i) and ii).

Axiom i)′ For every x ∈ V and unit vector u ∈ R
n, φ(x, ut(x),

∇ut(x)) · u = 0 if and only if ∇ut(x)u = 0.

Axiom ii)′ For every x ∈ V and unit vector u ∈ R
n, φ(x, ut(x),

∇ut(x)) · u > 0 if and only if ∇ut(x)u < 0, and φ(x, ut(x),∇ut(x)) ·
u < 0 if and only if ∇ut(x)u > 0.

Note that Axiom i)′ implies that φi(x, ut(x),∇ut(x)) = 0 if and
only if Diut(x) = 0, x ∈ V, i = 1, ..., n, while Axiom ii)′ implies
that φi(x, ut(x),∇ut(x))Diut(x) ≤ 0, x ∈ V, i = 1, ..., n, which fur-
ther implies that ∇ut(x) φ(x, ut(x),∇ut(x)) ≤ 0, x ∈ V, that is, en-
ergy (heat) flows from regions of higher to lower energy densities.
If s(x, t) ≡ 0, then Axioms i)′ and ii)′ along with the fact that
φ(x, u(x, t),∇u(x, t)) · n̂(x) ≥ 0, x ∈ ∂V, t ≥ t0, imply that at a
given instant of time the energy of the dynamical system G can only
be transported, stored, or dissipated but not created. We assume that
if u(x̂, t̂) = 0 for some x̂ ∈ ∂V and t̂ ≥ t0, then φ(x̂, u(x̂, t̂),∇u(x̂, t̂)) =
0, which, along with the boundary condition (7.4), implies that energy
dissipation is not possible on the boundary of V through points with
zero energy density.

With this assumption and Axiom ii)′ it follows that the solution
u(x, t), x ∈ V, t ≥ t0, to (7.3) and (7.4) is nonnegative for all non-
negative initial energy density distributions ut0(x) ≥ 0, x ∈ V. To see
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this, note that if u(x̂, t̂) = 0 for some x̂ ∈
◦
V and t̂ ≥ t0, then it follows

from Axiom ii)′ that the energy flow φ(y, u(y, t̂),∇u(y, t̂)) is directed
towards the point x̂ for all points y in a sufficiently small neighbor-
hood of x̂. This property along with the fact that s : V× [0,∞) → R+

is a nonnegative function imply that ∂u(x̂,t̂)
∂t ≥ 0. Alternatively, if

u(x̂, t̂) = 0 for some x̂ ∈ ∂V and t̂ ≥ t0, then it follows from the
above assumption that dissipation of energy through the point x̂ ∈ V
is not possible, which, along with Axiom ii)′ and the fact that s :

V × [0,∞) → R+ is a nonnegative function, imply that ∂u(x̂,t̂)
∂t ≥ 0

for x̂ ∈ ∂V and t̂ ≥ t0. Thus, the solution to (7.3) and (7.4) is non-
negative for all nonnegative initial energy density distributions. For
the remainder of this chapter, dV represents an infinitesimal volume
element of V, SV denotes the surface enclosing V, and dSV denotes an
infinitesimal boundary element.

7.2 Entropy and Ectropy for Continuum Thermodynamics

In this section, we establish the classical Clausius inequality for our
thermodynamically consistent infinite-dimensional energy flow model
given by (7.3) and (7.4). For this result, note that it follows from
Axiom i)′ that for the isolated dynamical system G, that is, s(x, t) ≡ 0
and φ(x, u(x, t),∇u(x, t)) · n̂(x) ≡ 0, the function u(x, t) = α, x ∈
V, t ≥ t0, α ≥ 0, is the solution to (7.3) and (7.4) with ut0(x) =
α, x ∈ V. Thus, as in Chapter 3, we define an equilibrium process for
the system G as a process where the trajectory of G moves along the
equilibrium manifold Me � {ut ∈ X : ut(x) = α, x ∈ V, α ≥ 0},
that is, u(x, t) = α(t), x ∈ V, t ≥ t0, for some L∞ function α :
[0,∞) → R+. A nonequilibrium process is a process that does not
lie on Me. The next result establishes a Clausius-type inequality
for equilibrium and nonequilibrium transformations of the infinite-
dimensional dynamical system G.

Proposition 7.1 Consider the dynamical system G with power bal-
ance equation (7.3) and (7.4), and assume that Axioms i)′ and ii)′

hold. Then, for every initial energy density distribution ut0 ∈ X ,
tf ≥ t0, and s(·, ·) ∈ U such that utf (x) = ut0(x), x ∈ V,

∫ tf

t0

[∫

V

s(x, t)

c + u(x, t)
dV −

∫

∂V

φ(x, u(x, t),∇u(x, t)) · n̂(x)

c + u(x, t)
dSV

]

dt ≤ 0,

(7.18)
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where c > 0 and u(x, t), x ∈ V, t ≥ t0, is the solution to (7.3) and
(7.4). Furthermore,

∫ tf

t0

[∫

V

s(x, t)

c + u(x, t)
dV −

∫

∂V

φ(x, u(x, t),∇u(x, t)) · n̂(x)

c + u(x, t)
dSV

]

dt = 0

(7.19)

if and only if there exists an L∞ function α : [t0, tf ] → R+ such that
u(x, t) = α(t), x ∈ V, t ∈ [t0, tf ].

Proof. It follows from (7.3), the Green-Gauss theorem, and Axiom
ii)′ that

∫ tf

t0

[∫

V

s(x, t)

c + u(x, t)
dV −

∫

∂V

φ(x, u(x, t),∇u(x, t)) · n̂(x)

c + u(x, t)
dSV

]

dt

=

∫ tf

t0

∫

V

∂u(x,t)
∂t + ∇ · φ(x, u(x, t),∇u(x, t))

c + u(x, t)
dVdt

−

∫ tf

t0

∫

∂V

φ(x, u(x, t),∇u(x, t)) · n̂(x)

c + u(x, t)
dSVdt

=

∫

V
loge

(
c + u(x, tf)

c + u(x, t0)

)

dV

+

∫ tf

t0

∫

∂V

φ(x, u(x, t),∇u(x, t)) · n̂(x)

c + u(x, t)
dSVdt

+

∫ tf

t0

∫

V

∇u(x, t)φ(x, u(x, t),∇u(x, t))

(c + u(x, t))2
dVdt

−

∫ tf

t0

∫

∂V

φ(x, u(x, t),∇u(x, t)) · n̂(x)

c + u(x, t)
dSVdt

=

∫ tf

t0

∫

V

∇u(x, t)φ(x, u(x, t),∇u(x, t))

(c + u(x, t))2
dVdt

≤ 0, (7.20)

which proves (7.18).
To show (7.19), note that it follows from (7.20), Axiom i)′, and

Axiom ii)′ that (7.19) holds if and only if ∇u(x, t) = 0 for all x ∈
V and t ∈ [t0, tf ] or, equivalently, there exists an L∞ function α :
[t0, tf ] → R+ such that u(x, t) = α(t), x ∈ V, t ∈ [t0, tf ].

Next, we define an entropy functional for the continuum dynamical
system G.
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Definition 7.1 For the dynamical system G with power balance equa-
tion (7.3) and (7.4), the functional S : X → R satisfying

S(ut2) ≥ S(ut1) +

∫ t2

t1

q(t)dt (7.21)

for all s(·, ·) ∈ U and t2 ≥ t1 ≥ t0, where

q(t) �

∫

V

s(x, t)

c + u(x, t)
dV −

∫

∂V

φ(x, u(x, t),∇u(x, t)) · n̂(x)

c + u(x, t)
dSV (7.22)

and c > 0, is called the entropy functional of G.

In the next theorem, we show that (7.18) guarantees the existence
of an entropy functional for the dynamical system G given by (7.3) and
(7.4). For this result, define the available entropy of the dynamical
system G by

Sa(ut0) � − sup
s(·,·)∈Uc, T≥t0

∫ T

t0

q(t)dt, (7.23)

where q(t) is given by (7.22), u(x, t0) = ut0(x), x ∈ V, ut0 ∈ X , and
u(x, T ) = 0, x ∈ V, and define the required entropy supply of the
dynamical system G by

Sr(ut0) � sup
s(·,·)∈Ur, T≥−t0

∫ t0

−T
q(t)dt, (7.24)

where u(x,−T ) = 0, x ∈ V, u(x, t0) = ut0(x), x ∈ V, and ut0 ∈ X .

Theorem 7.2 Consider the dynamical system G with power balance
equation (7.3) and (7.4), and assume that Axiom ii)′ holds. Then
there exists an entropy functional for G. Moreover, Sa(ut0), ut0 ∈
X , and Sr(ut0), ut0 ∈ X , are possible entropy functionals for G with
Sa(0) = Sr(0) = 0. Finally, all entropy functionals S(ut0), ut0 ∈ X ,
for G satisfy

Sr(ut0) ≤ S(ut0) − S(0) ≤ Sa(ut0), ut0 ∈ X . (7.25)

Proof. The proof is identical to the proof of Theorem 3.2.

The next result shows that all entropy functionals for G are contin-
uous on X with norm ‖ · ‖L1

.

Theorem 7.3 Consider the dynamical system G with power balance
equation (7.3) and (7.4), and let S : X → R be an entropy functional
of G. Then S(·) is continuous on X with respect to the L1 norm.
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Proof. Let ue(·) ∈ X and se : V → R be such that se(x) =
∇ · φ(x, ue(x),∇ue(x)), x ∈ V. Note that with s(x, t) ≡ se(x), x ∈ V,
ue(·) is an equilibrium state of the power balance equation (7.3) and
(7.4). Next, it follows from Lemma 7.1 that for every ε > 0 and
T > 0, there exist se : V → R and α > 0 such that for every û(·) ∈ X

with ‖û − ue‖L1
≤ αT , there exists s : V × [0, T̂ ] → R such that

‖s(·, t) − se(·)‖L1
≤ ε, t ∈ [0, T̂ ], and u(x, t) = ue(x) + û(x)−ue(x)

T̂
t,

x ∈ V, t ∈ [0, T̂ ], where T̂ =
‖û−ue‖L1

α . Hence, for every δ > 0
and ε > 0, there exist se : V → R and α > 0 such that for every
û(·) ∈ X with ‖û − ue‖L1

≤ δ, there exists s : V × [0, T̂ ] → R such

that ‖s(·, t)−se(·)‖L1
≤ ε, t ∈ [0, T̂ ], and u(x, t) = ue(x)+ û(x)−ue(x)

T̂
t,

x ∈ V, t ∈ [0, T̂ ], where T̂ =
‖û−ue‖L1

α .
Next, since φ(·, ·, ·) is continuous, it follows that there exists M ∈

(0,∞) such that

sup
‖u−ue‖L1

<δ, ‖s−se‖L1
<ε

∥
∥
∥
∥
s(x) −∇ · φ(x, u(x),∇u(x))

c + u(x)

+
∇u(x)φ(x, u(x),∇u(x))

(c + u(x))2

∥
∥
∥
∥
L1

= M. (7.26)

Hence, it follows that
∣
∣
∣
∣
∣

∫ T̂

0

[∫

V

s(x, t) −∇ · φ(x, u(x, t),∇u(x, t))

c + u(x, t)
dV

+

∫

V

∇u(x, t)φ(x, u(x, t),∇u(x, t))

(c + u(x, t))2
dV

]

dt

∣
∣
∣
∣
∣

≤

∫ T̂

0

∥
∥
∥
∥
s(x, t) −∇ · φ(x, u(x, t),∇u(x, t))

c + u(x, t)

+
∇u(x, t)φ(x, u(x, t),∇u(x, t))

(c + u(x, t))2

∥
∥
∥
∥
L1

dt

≤ MT̂

=
M

α
‖û − ue‖L1

. (7.27)

Next, if S(·) is an entropy functional of G, then, since u(x, T̂ ) =
û(x), x ∈ V,

S(û)≥S(ue) +

∫ T̂

0

∫

V

s(x, t)

c + u(x, t)
dVdt
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−

∫ T̂

0

∫

∂V

φ(x, u(x, t),∇u(x, t)) · n̂(x)

c + u(x, t)
dSVdt. (7.28)

Hence, it follows from the Green-Gauss theorem that

S(ue) − S(û)≤−

∫ T̂

0

∫

V

s(x, t)

c + u(x, t)
dVdt

+

∫ T̂

0

∫

∂V

φ(x, u(x, t),∇u(x, t)) · n̂(x)

c + u(x, t)
dSVdt

=−

∫ T̂

0

∫

V

s(x, t) −∇ · φ(x, u(x, t),∇u(x, t))

c + u(x, t)
dVdt

−

∫ T̂

0

∫

V

∇u(x, t)φ(x, u(x, t),∇u(x, t))

(c + u(x, t))2
dVdt. (7.29)

Now, if S(ue) ≥ S(û), then combining (7.27) and (7.29) yields

|S(ue) − S(û)| ≤
M

α
‖û − ue‖L1

. (7.30)

Alternatively, if S(û) ≥ S(ue), then (7.30) can be derived by reversing
the roles of ue(·) and û(·). Hence, it follows that S(·) is continuous
on X with norm ‖ · ‖L1

.

As for the finite-dimensional case, Definition 7.1 does not provide
enough information to define the entropy uniquely for nonequilibrium
continuum thermodynamics. Specifically, using a similar result to
Proposition 3.3, it can be shown that all possible entropy function-
als form a convex set, and hence, there exists a continuum of en-
tropy functionals ranging from the required entropy supply Sr(ut0)
to the available entropy Sa(ut0). The following two propositions ad-
dress processes for equilibrium continuum thermodynamics wherein
uniqueness is not an issue.

Proposition 7.2 Consider the dynamical system G with power bal-
ance equation (7.3) and (7.4), and assume that Axioms i)′ and ii)′

hold. Then for every equilibrium energy density distribution ute(x) =
α, x ∈ V, α ≥ 0, the entropy S(ut), ut ∈ X , of G is unique (modulo a
constant of integration) and is given by

S(ut) − S(0) = Sa(ut) = Sr(ut) = Vvol loge(c + α) − Vvol loge c, (7.31)

where ut(x) = ute(x) = α, x ∈ V.
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Proof. It follows from (7.3) and the Green-Gauss theorem that

q(t) =

∫

V

∂u(x,t)
∂t + ∇ · φ(x, u(x, t),∇u(x, t))

c + u(x, t)
dV

−

∫

∂V

φ(x, u(x, t),∇u(x, t)) · n̂(x)

c + u(x, t)
dSV

=

∫

V

1

c + u(x, t)

∂u(x, t)

∂t
dV

+

∫

V

∇u(x, t)φ(x, u(x, t),∇u(x, t))

(c + u(x, t))2
dV. (7.32)

Next, consider the entropy functional Sa(ut0) given by (7.23), and
let ut0(x) = ute(x) = α, x ∈ V, α ≥ 0. Then it follows from (7.32)
that

Sa(ute) =− sup
s(·,·)∈Uc, T≥t0

[∫ T

t0

∫

V

1

c + u(x, t)

∂u(x, t)

∂t
dVdt

+

∫ T

t0

∫

V

∇u(x, t)φ(x, u(x, t),∇u(x, t))

(c + u(x, t))2
dVdt

]

=− sup
s(·,·)∈Uc, T≥t0

[∫

V
loge

(
c

c + α

)

dV

+

∫ T

t0

∫

V

∇u(x, t)φ(x, u(x, t),∇u(x, t))

(c + u(x, t))2
dVdt

]

=

∫

V
loge

(
c + α

c

)

dV

− sup
s(·,·)∈Uc, T≥t0

∫ T

t0

∫

V

∇u(x, t)φ(x, u(x, t),∇u(x, t))

(c + u(x, t))2
dVdt.

(7.33)

It follows from Axiom ii)′ that the supremum in (7.33) is taken over
the set of negative semi-definite values. However, the zero value of
the supremum is achieved on an equilibrium transformation for which
φ(x, u(x, t),∇u(x, t)) ≡ 0, and thus

Sa(ute) = Vvol loge(c + α) − Vvol loge c. (7.34)

Similarly, it can be shown that Sr(ute) = Vvol loge(c + α)−Vvol loge c.
Finally, it follows from (7.25) that (7.31) holds.
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Proposition 7.3 Consider the dynamical system G with power bal-
ance equation (7.3) and (7.4), and assume that Axioms i)′ and ii)′

hold. Let S(·) denote an entropy of G, and let u(x, t), x ∈ V, t ≥ t0,
be the solution to (7.3) and (7.4) with u(x, t0) = α0, x ∈ V, and
u(x, t1) = α1, x ∈ V, where α0, α1 ≥ 0. Then

S(ut1) = S(ut0) +

∫ t1

t0

q(t)dt (7.35)

if and only if there exists an L∞ function α : [t0, t1] → R+ such that
α(t0) = α0, α(t1) = α1, and u(x, t) = α(t), x ∈ V, t ∈ [t0, t1].

Proof. It follows from Proposition 7.2 that

S(ut1) − S(ut0) = Vvol loge(c + α1) − Vvol loge(c + α0). (7.36)

Furthermore, it follows from (7.32) that
∫ t1

t0

q(t)dt =Vvol loge

(
c + α1

c + α0

)

+

∫ t1

t0

∫

V

∇u(x, t)φ(x, u(x, t),∇u(x, t))

(c + u(x, t))2
dVdt. (7.37)

Now, it follows from Axioms i)′ and ii)′ that (7.35) holds if and only
if ∇u(x, t) = 0, x ∈ V, t ∈ [t0, t1], or, equivalently, there exists an L∞

function α : [t0, t1] → R+ such that u(x, t) = α(t), x ∈ V, t ∈ [t0, t1],
α(t0) = α0, and α(t1) = α1.

In the next theorem, we present a unique, continuously differen-
tiable entropy functional for the dynamical system G. This result
holds for equilibrium and nonequilibrium processes.

Theorem 7.4 Consider the dynamical system G with power balance
equation (7.3) and (7.4), and assume that Axioms i)′ and ii)′ hold.
Then the functional S : X → R given by

S(ut) =

∫

V
loge(c + ut(x))dV − Vvol loge c (7.38)

is a unique (modulo a constant of integration), continuously differen-
tiable entropy functional of G. Furthermore, if ut �∈ Me, t ≥ t0, where
ut = u(x, t) denotes the solution to (7.3) and (7.4) and Me = {ut ∈
X : ut = α, α ≥ 0}, then (7.38) satisfies

S(ut2) > S(ut1) +

∫ t2

t1

q(t)dt. (7.39)
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Proof. It follows from the Green-Gauss theorem, Axiom ii)′, and
(7.38) that

Ṡ(ut) =

∫

V

1

c + u(x, t)

∂u(x, t)

∂t
dV

=

∫

V

1

c + u(x, t)
(−∇ · φ(x, u(x, t),∇u(x, t)) + s(x, t)) dV

=−

∫

V

∇u(x, t)φ(x, u(x, t),∇u(x, t))

(c + u(x, t))2
dV

−

∫

∂V

φ(x, u(x, t),∇u(x, t)) · n̂(x)

c + u(x, t)
dSV

+

∫

V

s(x, t)

c + u(x, t)
dV

≥ q(t). (7.40)

Now, integrating (7.40) over [t1, t2] yields (7.21). Furthermore, if ut �∈
Me, t ≥ t0, then it follows from Axiom i)′, Axiom ii)′, and (7.40)
that (7.39) holds.

The uniqueness of the entropy functional (7.38) follows as in the
proof of Theorem 3.4.

The next result shows that for every nontrivial trajectory of G, the
dynamical system G is state irreversible. For this result, let W[t0,t1]

denote the set of all possible energy density distributions of G over
the time interval [t0, t1] given by

W[t0,t1] � {su : [t0, t1] × U → X : su(·, s(·, ·)) satisfies

(7.3) and (7.4)}. (7.41)

Theorem 7.5 Consider the dynamical system G with power balance
equation (7.3) and (7.4), and assume that Axioms i)′ and ii)′ hold.
Furthermore, let su(·, s(·, ·)) ∈ W[t0,t1], where s(·, ·) ∈ U . Then su(·,
s(·, ·)) is an IX -reversible trajectory of G if and only if su(t, s(x, t))
∈ Me, t ∈ [t0, t1].

Proof. The proof is similar to the proof of Theorem 3.5.

Next, we establish a dual inequality to inequality (7.18) that is
satisfied for our thermodynamically consistent energy flow model.

Proposition 7.4 Consider the dynamical system G with power bal-
ance equation (7.3) and (7.4), and assume that Axioms i)′ and ii)′
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hold. Then, for every initial energy density distribution ut0 ∈ X ,
tf ≥ t0, and s(·, ·) ∈ U such that utf (x) = ut0(x), x ∈ V,
∫ tf

t0

∫

V
u(x, t)s(x, t)dVdt

−

∫ tf

t0

∫

∂V
u(x, t)φ(x, u(x, t),∇u(x, t)) · n̂(x)dSVdt ≥ 0, (7.42)

where u(x, t), x ∈ V, t ≥ t0, is the solution to (7.3) and (7.4). Fur-
thermore,
∫ tf

t0

∫

V
u(x, t)s(x, t)dVdt

−

∫ tf

t0

∫

∂V
u(x, t)φ(x, u(x, t),∇u(x, t)) · n̂(x)dSVdt = 0 (7.43)

if and only if there exists an L∞ function α : [t0, tf ] → R+ such that
u(x, t) = α(t), x ∈ V, t ∈ [t0, tf ].

Proof. It follows from (7.3), the Green-Gauss theorem, and Axiom
ii)′ that
∫ tf

t0

∫

V
u(x, t)s(x, t)dVdt

−

∫ tf

t0

∫

∂V
u(x, t)φ(x, u(x, t),∇u(x, t)) · n̂(x)dSVdt

=

∫ tf

t0

∫

V
u(x, t)

(
∂u(x, t)

∂t
+ ∇ · φ(x, u(x, t),∇u(x, t))

)

dVdt

−

∫ tf

t0

∫

∂V
u(x, t)φ(x, u(x, t),∇u(x, t)) · n̂(x)dSVdt

=

∫

V

[
1
2u2(x, tf) −

1
2u2(x, t0)

]
dV

+

∫ tf

t0

∫

∂V
u(x, t)φ(x, u(x, t),∇u(x, t)) · n̂(x)dSVdt

−

∫ tf

t0

∫

V
∇u(x, t)φ(x, u(x, t),∇u(x, t))dVdt

−

∫ tf

t0

∫

∂V
u(x, t)φ(x, u(x, t),∇u(x, t)) · n̂(x)dSVdt

= −

∫ tf

t0

∫

V
∇u(x, t)φ(x, u(x, t),∇u(x, t))dVdt



CONTINUUM THERMODYNAMICS 157

≥ 0, (7.44)

which proves (7.42).
To show (7.43), note that it follows from (7.44), Axiom i)′, and

Axiom ii)′ that (7.43) holds if and only if ∇u(x, t) = 0 for all x ∈
V and t ∈ [t0, tf ] or, equivalently, there exists an L∞ function α :
[t0, tf ] → R+ such that u(x, t) = α(t), x ∈ V, t ∈ [t0, tf ].

Definition 7.2 For the dynamical system G with power balance equa-
tion (7.3) and (7.4), the functional E : X → R satisfying

E(ut2) ≤ E(ut1) + Vvol

∫ t2

t1

q̂(t)dt (7.45)

for all s(·, ·) ∈ U and t2 ≥ t1 ≥ t0, where

q̂(t) �

∫

V
u(x, t)s(x, t)dV

−

∫

∂V
u(x, t)φ(x, u(x, t),∇u(x, t)) · n̂(x)dSV , (7.46)

is called the ectropy functional of G.

The next theorem shows that (7.42) guarantees the existence of
an ectropy functional for the dynamical system G given by (7.3) and
(7.4). For this result, define the available ectropy of the dynamical
system G by

Ea(ut0) � −Vvol inf
s(·,·)∈Uc, T≥t0

∫ T

t0

q̂(t)dt, (7.47)

where q̂(t) is given by (7.46), u(x, t0) = ut0(x), x ∈ V, ut0 ∈ X , and
u(x, T ) = 0, x ∈ V, and define the required ectropy supply of the
dynamical system G by

Er(ut0) � Vvol inf
s(·,·)∈Ur, T≥−t0

∫ t0

−T
q̂(t)dt, (7.48)

where u(x,−T ) = 0, x ∈ V, u(x, t0) = ut0(x), x ∈ V, and ut0 ∈ X .

Theorem 7.6 Consider the dynamical system G with power balance
equation (7.3) and (7.4), and assume that Axiom ii)′ holds. Then
there exists an ectropy functional for G. Moreover, Ea(ut0), ut0 ∈
X , and Er(ut0), ut0 ∈ X , are possible ectropy functionals for G with
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Ea(0) = Er(0) = 0. Finally, all ectropy functionals E(ut0), ut0 ∈ X ,
for G satisfy

Ea(ut0) ≤ E(ut0) − E(0) ≤ Er(ut0), ut0 ∈ X . (7.49)

Proof. The proof is identical to the proof of Theorem 3.6.

The next theorem shows that all ectropy functionals for G are con-
tinuous on X with norm ‖ · ‖L1

.

Theorem 7.7 Consider the dynamical system G with power balance
equation (7.3) and (7.4), and let E : X → R be an ectropy functional
of G. Then E(·) is continuous on X with respect to the L1 norm.

Proof. The proof is identical to the proof of Theorem 7.3.

The following two propositions are dual to Propositions 7.2 and
7.3 and address equilibrium processes for continuum thermodynamics
using ectropy notions.

Proposition 7.5 Consider the dynamical system G with power bal-
ance equation (7.3) and (7.4), and assume that Axioms i)′ and ii)′

hold. Then for every energy density distribution ute(x) = α, x ∈ V,
α ≥ 0, the ectropy E(ut), ut ∈ X , of G is unique (modulo a constant
of integration) and is given by

E(ut) − E(0) = Ea(ut) = Er(ut) =
(αVvol)

2

2
, (7.50)

where ut(x) = ute(x) = α, x ∈ V.

Proof. The proof is identical to the proof of Proposition 7.2.

Proposition 7.6 Consider the dynamical system G with power bal-
ance equation (7.3) and (7.4), and assume that Axioms i)′ and ii)′

hold. Let E(·) denote an ectropy of G, and let u(x, t), x ∈ V, t ≥ t0,
be the solution to (7.3) and (7.4) with u(x, t0) = α0, x ∈ V, and
u(x, t1) = α1, x ∈ V, where α0, α1 ≥ 0. Then

E(ut1) = E(ut0) + Vvol

∫ t1

t0

q̂(t)dt (7.51)

if and only if there exists an L∞ function α : [t0, t1] :→ R+ such that
α(t0) = α0, α(t1) = α1, and u(x, t) = α(t), x ∈ V, t ∈ [t0, t1].
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Proof. The proof is identical to the proof of Proposition 7.3.

In the next theorem, we present a unique, continuously differen-
tiable ectropy functional for the dynamical system G. This result
holds for equilibrium and nonequilibrium processes.

Theorem 7.8 Consider the dynamical system G with power balance
equation (7.3) and (7.4), and assume that Axioms i)′ and ii)′ hold.
Then the functional E : X → R given by

E(ut) =
Vvol

2

∫

V
u2

t (x)dV (7.52)

is a unique (modulo a constant of integration), continuously differen-
tiable ectropy functional of G. Furthermore, if ut �∈ Me, t ≥ t0, where
ut = u(x, t) denotes the solution to (7.3) and (7.4) and Me = {ut ∈
X : ut = α, α ≥ 0}, then (7.52) satisfies

E(ut2) < E(ut1) + Vvol

∫ t2

t1

q̂(t)dt. (7.53)

Proof. It follows from the Green-Gauss theorem, Axiom ii)′, (7.3),
and (7.52) that

Ė(ut) =Vvol

∫

V
u(x, t)

∂u(x, t)

∂t
dV

=Vvol

∫

V
u(x, t) (−∇ · φ(x, u(x, t),∇u(x, t)) + s(x, t)) dV

=−Vvol

∫

∂V
u(x, t)φ(x, u(x, t),∇u(x, t)) · n̂(x)dSV

+Vvol

∫

V
∇u(x, t)φ(x, u(x, t),∇u(x, t))dV

+Vvol

∫

V
u(x, t)s(x, t)dV

≤Vvolq̂(t). (7.54)

Now, integrating (7.54) over [t1, t2] yields (7.45). Furthermore, if ut �∈
Me, t ≥ t0, then it follows from Axiom i)′, Axiom ii)′, and (7.54)
that (7.53) holds.

The uniqueness of the ectropy functional (7.52) follows as in the
proof of Theorem 3.8.

Inequality (7.21) is a generalization of Clausius’ inequality for equi-
librium and nonequilibrium thermodynamics as applied to infinite-
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dimensional systems, while inequality (7.45) is an anti–Clausius in-
equality that shows that a thermodynamically consistent infinite-di-
mensional dynamical system is dissipative with respect to the supply
rate Vvolq̂(t) and with storage functional corresponding to the system
ectropy. In addition, note that it follows from (7.21) that the infinites-
imal increment in the entropy of G over the infinitesimal time interval
dt satisfies

dS(ut)≥

[∫

V

s(x, t)

c + u(x, t)
dV

−

∫

∂V

φ(x, u(x, t),∇u(x, t)) · n̂(x)

c + u(x, t)
dSV

]

dt, (7.55)

where the shifted energy density c + u(x, t) plays the role of absolute
temperature at the spatial coordinate x and time t. For an isolated
dynamical system G (that is, s(x, t) ≡ 0 and φ(x, u(x, t),∇u(x, t)) ·
n̂(x) ≡ 0, x ∈ ∂V), (7.21) and (7.45) yield the fundamental inequali-
ties

S(ut2) ≥ S(ut1), t2 ≥ t1, (7.56)

and

E(ut2) ≤ E(ut1), t2 ≥ t1. (7.57)

Hence, for an isolated infinite-dimensional system G, the entropy in-
creases if and only if the ectropy decreases. It is important to note
that (7.57) also holds in the case where φ(x, u(x, t),∇u(x, t)) · n̂(x) /≡
0, x ∈ ∂V, whereas (7.56) does not necessarily hold in that case.

7.3 Semistability and Energy Equipartition in Continuum

Thermodynamics

In this section, we show that the infinite-dimensional thermodynamic
energy flow model has convergent flows to Lyapunov stable uniform
equilibrium energy density distributions determined by the system
initial energy density distribution. However, since our continuous
dynamical system G is defined on the infinite-dimensional space X ,
bounded orbits of G may not lie in a compact subset of X , which is
crucial to being able to invoke the invariance principle for infinite-
dimensional dynamical systems [49]. This is in contrast to the dy-
namical system G considered in the previous chapters arising from
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a power balance (ordinary differential) equation defined on a finite-
dimensional space R

q
+, wherein local boundedness of an orbit of G

ensures that the orbit belongs to a compact subset of R
q
+. Hence, to

ensure that bounded orbits of G lie in compact sets, we construct a
larger space H as a Sobolev space so that X ⊂ H, and by the Sobolev
embedding theorem [92, 98], there exists a Banach space B ⊃ H such
that the unit ball in H belongs to a compact set in B, that is, H is
compactly embedded in B. In this case, it follows from Proposition 2.2
that a bounded orbit of the dynamical system G defined on H has a
nonempty, compact, connected invariant omega limit set in B.

For the next result, L2 denotes the space of square-integrable Lebes-
gue measurable functions on V and the L2 operator norm ‖·‖L2

on X is
used for the definitions of Lyapunov, semi-, and asymptotic stability.
Furthermore, we introduce the Sobolev spaces

W1
2 (V) � {ut : V → R : ut ∈ C1(V) ∩ L2(V), (∇ut)

T ∈ L2(V)}co

(7.58)

and

W0
2 (V) � {ut : V → R : ut ∈ C0(V) ∩ L2(V)}co ⊂ L2(V), (7.59)

where Cr(V) denotes a function space defined on V with r-continuous
derivatives and {·}co denotes completion3 of {·} in L2 in the sense
of [98], with norms

‖ut‖W1
2
�

[∫

V

(
u2

t (x) + ∇ut(x) (∇ut(x))T
)

dV

] 1
2

, (7.60)

‖ut‖W0
2
� ‖ut‖L2

=

[∫

V
u2

t (x)dV

] 1
2

, (7.61)

defined on W1
2 (V) and W0

2 (V), respectively, where the gradient ∇ut(x)
in (7.60) is interpreted in the sense of a generalized gradient [98]. Note
that since the solutions to (7.3) and (7.4) are assumed to be two-times
continuously differentiable functions on a compact set V, it follows
that ut(x), t ≥ t0, belongs to both W1

2 (V) and W0
2 (V).

3The space {·} defined as part of (7.58) is not complete with respect to the norm
generated by the inner product (7.60). This space can be completed by adding
the limit points of all Cauchy sequences in {·}. In this way, {·} is embedded in
the larger normed space {·}co, which is complete. Of course, it follows from the
Riesz-Fischer theorem [88, p. 125] that L2 is complete with respect to the norm
generated by the inner product (7.61).
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Theorem 7.9 Consider the dynamical system G with power balance
equation (7.3) and (7.4) with s(x, t) ≡ 0 and φ(x, u(x, t),∇u(x, t)) ·
n̂(x) ≡ 0, x ∈ ∂V. Assume that Axioms i)′ and ii)′ hold, and

∇2ut(x)∇ · φ(x, ut(x),∇ut(x)) ≤ 0, x ∈ V, ut ∈ W1
2 (V), (7.62)

where ∇2 � ∇ · ∇ denotes the Laplacian operator. Then for every
α ≥ 0, u(x, t) ≡ α is a semistable equilibrium state of (7.3) and (7.4).
Furthermore, u(x, t) → 1

Vvol

∫
V ut0(x)dV as t → ∞ for every initial

energy density distribution ut0 ∈ W1
2 (V) and every x ∈ V; more-

over, 1
Vvol

∫
V ut0(x)dV is a semistable equilibrium distribution state

of (7.3) and (7.4). Finally, if s(x, t) ≡ 0 and there exists at least
one point xp ∈ ∂V such that φ(xp, ut(xp),∇ut(xp)) · n̂(xp) > 0 and
φ(xp, ut(xp),∇ut(xp)) · n̂(xp) = 0 if and only if ut(xp) = 0, then the
zero solution u(x, t) ≡ 0 to (7.3) and (7.4) is a globally asymptotically
stable equilibrium state of (7.3) and (7.4).

Proof. It follows from Axiom i)′ that u(x, t) ≡ α, α ≥ 0, is an equi-
librium state for (7.3), (7.4) with s(x, t) ≡ 0 and φ(x, u(x, t),∇u(x, t))·
n̂(x) ≡ 0. To show Lyapunov stability of the equilibrium state u(x, t)
≡ α, consider the shifted-system scaled ectropy Es(ut) = 1

2

∫
V(ut(x)−

α)2dV = 1
2‖ut − α‖2

L2
as a Lyapunov functional candidate. Now, it

follows from the Green-Gauss theorem and Axiom ii)′ that

Ės(ut) =

∫

V
(u(x, t) − α)

∂u(x, t)

∂t
dV

=−

∫

V
u(x, t)∇ · φ(x, u(x, t),∇u(x, t))dV

+α

∫

V
∇ · φ(x, u(x, t),∇u(x, t))dV

=

∫

V
∇u(x, t)φ(x, u(x, t),∇u(x, t))dV

−

∫

∂V
u(x, t)φ(x, u(x, t),∇u(x, t)) · n̂(x) dSV

+α

∫

∂V
φ(x, u(x, t),∇u(x, t)) · n̂(x) dSV

=

∫

V
∇u(x, t)φ(x, u(x, t),∇u(x, t))dV

≤ 0, ut ∈ W0
2 (V), (7.63)

which establishes Lyapunov stability of the equilibrium state u(x, t) ≡
α.
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Next, to show semistability of this equilibrium state, consider the
following (scaled) ectropy and ectropy-like Lyapunov functionals

E0(ut) = ‖ut‖
2
W0

2
, ut ∈ W0

2 (V), (7.64)

E1(ut) = ‖ut‖
2
W1

2
, ut ∈ W1

2 (V). (7.65)

It follows from (7.45) with s(x, t) ≡ 0 that E0(ut) is a nonincreasing
functional of time for all ut0 ∈ W0

2 (V). Furthermore, it follows from
the Green-Gauss theorem and the boundary condition φ(x, u(x, t),
∇u(x, t)) · n̂(x) ≡ 0, x ∈ ∂V, that

1
2 Ė1(ut) =

∫

V

(

u(x, t)
∂u(x, t)

∂t
+ ∇u(x, t)

∂

∂t
(∇u(x, t))T

)

dV

=

∫

V
∇u(x, t)φ(x, u(x, t),∇u(x, t))dV

−

∫

∂V
u(x, t)φ(x, u(x, t),∇u(x, t)) · n̂(x) dSV

+

∫

∂V

∂u(x, t)

∂t
Dn̂(x)u(x, t) dSV

+

∫

V
∇2u(x, t)∇ · φ(x, u(x, t),∇u(x, t))dV

=

∫

V
∇u(x, t)φ(x, u(x, t),∇u(x, t))dV

+

∫

∂V

∂u(x, t)

∂t
Dn̂(x)u(x, t) dSV

+

∫

V
∇2u(x, t)∇ · φ(x, u(x, t),∇u(x, t))dV, (7.66)

where Dn̂(x)u(x, t) � ∇u(x, t)n̂(x) denotes the directional derivative
of u(x, t) along n̂(x) at x ∈ ∂V. Next, note that for the isolated dy-
namical system G with the boundary condition φ(x, u(x, t),∇u(x, t)) ·
n̂(x) ≡ 0, x ∈ ∂V, it follows from Axiom i)′, with u = n̂(x), that
Dn̂(x)u(x, t) ≡ 0, x ∈ ∂V. Hence, it follows from Axiom ii)′, (7.62),

and (7.66) that Ė1(ut) ≤ 0, t ≥ t0, for any ut0 ∈ W1
2 (V). Furthermore,

since the functionals E1(ut) and E0(ut) are nonincreasing and bounded
from below by zero, it follows that E1(ut) and E0(ut) are bounded func-
tionals for every ut0 ∈ W1

2 (V). This implies that the positive orbit
O+

ut0
� {ut ∈ W1

2 (V) : ut(x) = u(x, t), x ∈ V, t ∈ [t0,∞)} of G is

bounded in W1
2 (V) for all ut0 ∈ W1

2 (V). Furthermore, it follows from
Sobolev’s embedding theorem [92, 98] that W1

2 (V) is compactly em-
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bedded in W0
2 (V), and hence, O+

ut0
is contained in a compact subset

of W0
2 (V).

Next, define the sets DW1
2

= {ut ∈ W1
2 (V) : E1(ut) < η} and DW0

2
=

{ut ∈ W0
2 (V) : E0(ut) < η} for some arbitrary η > 0. Note that DW1

2

and DW0
2

are invariant sets with respect to the dynamical system G.

Moreover, it follows from the definition of E1(ut) and E0(ut) that DW1
2

and DW0
2

are bounded sets in W1
2 (V) and W0

2 (V), respectively, and

DW1
2
⊂ DW0

2
. Next, let R � {ut ∈ DW0

2
: Ė0(ut) = 0} = {ut ∈

DW0
2

: ∇ut(x)φ(x, ut(x),∇ut(x)) = 0, x ∈ V}. Now, it follows from

Axioms i)′ and ii)′ that R = {ut ∈ DW0
2

: ∇ut(x) = 0, x ∈ V} or

R = {ut ∈ W0
2 (V) : ut(x) ≡ σ, 0 ≤ σ ≤

√
η

Vvol
}, that is, R is the set of

uniform energy density distributions, which are the equilibrium states
of (7.3) and (7.4). Since the set R consists of only the equilibrium
states of (7.3) and (7.4), it follows that the largest invariant set M
contained in R is given by M = R. Hence, noting that M belongs
to the set of generalized (or weak) solutions to (7.3) and (7.4) defined
on R, it follows from Theorem 2.6 that for any initial energy density
distribution ut0 ∈ DW1

2
, u(x, t) → M as t → ∞ with respect to the

norm ‖ · ‖W0
2
, and hence, u(x, t) ≡ α is a semistable equilibrium state

of (7.3) and (7.4). Moreover, since η > 0 can be arbitrarily large but
finite and E1(ut) is radially unbounded, the previous statement holds
for all ut0 ∈ W1

2 (V). Next, note that since, by the divergence theorem,

∫

V

∂u(x, t)

∂t
dV =−

∫

V
∇ · φ(x, u(x, t),∇u(x, t))dV

=−

∫

∂V
φ(x, u(x, t),∇u(x, t)) · n̂(x) dSV

= 0, (7.67)

it follows that
∫
V u(x, t)dV =

∫
V ut0(x)dV, t ≥ t0, which implies that

u(x, t) → 1
Vvol

∫
V ut0(x)dV as t → ∞.

Finally, we show that if s(x, t) ≡ 0 and there exists at least one
point xp ∈ ∂V such that φ(xp, ut(xp),∇ut(xp)) · n̂(xp) > 0 and
φ(xp, ut(xp),∇ut(xp)) · n̂(xp) = 0 if and only if ut(xp) = 0, then
the zero solution u(x, t) ≡ 0 to (7.3) and (7.4) is a globally as-
ymptotically stable equilibrium state. Note that it follows from the
above analysis with α = 0 that the zero solution u(x, t) ≡ 0 is semi-
stable, and hence, a Lyapunov stable equilibrium state of (7.3) and
(7.4). Furthermore, it follows from Axiom ii)′ with u = n̂(xp) that
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Dn̂(xp)u(xp, t) = ∇u(xp, t)n̂(xp) < 0 and Dn̂(xp)u(xp, t) = 0 if and
only if u(xp, t) = 0. In this case, using Axiom ii)′, it follows that
the energy flow is directed towards the point xp ∈ ∂V, and hence,
∂u(xp,t)

∂t > 0 and Dn̂(xp)u(xp, t)
∂u(xp,t)

∂t < 0. Thus, it follows from Ax-
iom ii)′, (7.62), and (7.66) that E1(ut) is a nonincreasing functional of
time for all ut0 ∈ W1

2 (V), and since E1(ut) is bounded from below by
zero, the positive orbit O+

ut0
of G is bounded in W1

2 (V). Hence, since

W1
2 (V) is compactly embedded in W0

2 (V), it follows from Sobolev’s
embedding theorem [92,98] that O+

ut0
is contained in a compact sub-

set of W0
2 (V).

Next, consider the (scaled) ectropy Lyapunov functional E0(ut) and
note that the Lyapunov derivative is given by

1
2 Ė0(ut) =

∫

V
u(x, t)

∂u(x, t)

∂t
dV

=−

∫

V
u(x, t)∇ · φ(x, u(x, t),∇u(x, t))dV

=

∫

V
∇u(x, t)φ(x, u(x, t),∇u(x, t))dV

−

∫

∂V
u(x, t)φ(x, u(x, t),∇u(x, t)) · n̂(x) dSV

≤ 0, ut ∈ W0
2 (V). (7.68)

Furthermore, let R � {ut ∈ DW0
2

: Ė0(ut) = 0} = {ut ∈ DW0
2

:

∇ut(x)φ(x, ut(x),∇ut(x)) ≡ 0, x ∈ V} ∩ {ut ∈ DW0
2

: φ(x, ut(x),

∇ut(x)) · n̂(x) = 0, x ∈ ∂V}. Now, since Axioms i)′ and ii)′ hold,
R = {ut ∈ DW0

2
: ∇ut(x) = 0, x ∈ V } ∩ {ut ∈ DW0

2
: ut(xp) =

0 for some xp ∈ ∂V} = {0}, and the largest invariant set M contained
in R is given by M = {0}. Hence, it follows from Theorem 2.6 that for
any initial energy density distribution ut0 ∈ DW1

2
, u(x, t) → M = {0}

as t → ∞ with respect to the norm ‖ · ‖W0
2
, which, since η > 0 is

arbitrary and E1(ut) is radially unbounded, proves global asymptotic
stability of the zero equilibrium state of (7.3) and (7.4).

Condition (7.62) physically implies that for an energy density dis-
tribution ut(x), x ∈ V, the energy flow φ(x, ut(x),∇ut(x)) at x ∈ V
is proportional to the energy density at this point. Note that for
the linear energy flow model corresponding to the heat equation,
that is, φ(x, ut(x),∇ut(x)) = −k [∇ut(x)]T, where k > 0 is a con-
ductivity constant, condition (7.62) is automatically satisfied since
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∇2ut(x)∇ · φ(x, ut(x),∇ut(x)) = −k[∇2ut(x)]2 ≤ 0, x ∈ V. Theorem
7.9 shows that the isolated dynamical system G is semistable. Hence,
it follows from the infinite-dimensional version of Theorem 2.16 that
the isolated dynamical system G does not exhibit Poincaré recurrence
in X \ Me. This result can also be arrived at using (7.39) or (7.53)
along with the infinite-dimensional version of Theorem 2.15.

Next, we give an analogous proposition to Proposition 3.10 for
infinite-dimensional systems.

Proposition 7.7 Consider the dynamical system G with power bal-
ance equation (7.3) and (7.4), let E : X → R+ and S : X → R+

denote the ectropy and entropy functionals of G given by (7.52) and
(7.38), respectively, and define Dc � {ut ∈ X :

∫
V ut(x)dV = β},

where β ≥ 0. Then

arg min
ut∈Dc

(E(ut)) = arg max
ut∈Dc

(S(ut)) = u∗
t =

β

Vvol
. (7.69)

Furthermore, Emin � E(u∗
t ) = β2

2 and Smax � S(u∗
t ) = Vvol[loge(c +

β
Vvol

) − loge c].

Proof. The proof is similar to the proof of Proposition 3.10 and,
hence, is omitted. The only difference here is that E(ut) and −S(ut)
are real-valued convex functionals defined on X , and

∫
V ut(x)dV is

a convex mapping from a convex subset of X into a normed space.
The result thus follows as a direct consequence of global theory for
constrained optimization of functionals [68].

Next, we use the entropy functional (respectively, ectropy func-
tional) given by (7.38) (respectively, (7.52)) to show a clear connec-
tion between our continuum thermodynamic model given by (7.3) and
(7.4), and the arrow of time.

Theorem 7.10 Consider the dynamical system G with power balance
equation (7.3) and (7.4) with s(x, t) ≡ 0 and φ(x, u(x, t),∇u(x, t)) ·
n̂(x) ≡ 0, x ∈ ∂V, and assume Axioms i)′ and ii)′ hold. Furthermore,
let su(·, 0) ∈ W[t0,t1]. Then for every ut0 �∈ Me, there exists a contin-
uously differentiable functional S : X → R (respectively, E : X → R)
such that S(su(t, 0)) (respectively, E(su(t, 0))) is a strictly increasing
(respectively, decreasing) function of time. Furthermore, su(·, 0) is an
IX -reversible trajectory of G if and only if su(t, 0) ∈ Me, t ∈ [t0, t1].

Proof. The proof is similar to the proof of Theorem 3.10 and
follows from Corollary 2.4.
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We close this section by noting that the results of this chapter
can be easily generalized to the case where the energy density at a
point x ∈ V is proportional to the temperature, that is, T̂ (x, t) =

β(x)u(x, t), where T̂ (x, t) is the temperature distribution over the
continuum and β(x) is the reciprocal of the specific heat (thermal
capacity) at the spatial coordinate x. In this case, analogous results
to the results of Section 4.1 can be easily derived for the infinite-
dimensional thermodynamic model. Finally, it is important to note
that the results of this section apply to an arbitrary (not necessarily
Cartesian) n-dimensional space. In particular, we could consider a
coordinate transformation y = Y (x), where Y (0) = 0 and Y : V →
R

n is a diffeomorphism in the neighborhood of the origin, so that y
is defined on the image of V ⊂ R

n under the mapping Y . In this
case, however, the nabla and gradient operators need to be redefined
appropriately [2, pp. 350–351].
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Chapter Eight

Conclusion

In this monograph, we have outlined a general systems theory frame-
work for thermodynamics in an attempt to harmonize it with clas-
sical mechanics. The proposed macroscopic mathematical model is
based on a nonlinear (finite- and infinite-dimensional) compartmental
dynamical system model that is characterized by energy conserva-
tion laws capturing the exchange of energy between coupled macro-
scopic subsystems. Specifically, using a large-scale dynamical systems
perspective, we developed some of the fundamental properties of re-
versible and irreversible thermodynamic systems involving conserva-
tion of energy, nonconservation of entropy and ectropy, and energy
equipartition. This model is formulated in the language of dynamical
systems and control theory, and it is argued that it offers conceptual
advantages for describing nonequilibrium thermodynamic systems.

Using compartmental dynamical systems involving the exchange of
energy via intercompartmental flow laws and invoking the two funda-
mental axioms of the science of heat, namely,

i) if the energies in the connected subsystems are equal, then energy
exchange between these subsystems is not possible,

and

ii) energy flows from more energetic subsystems to less energetic
subsystems,

we established the existence of a continuous entropy function for our
thermodynamically consistent large-scale dynamical system utilizing
the language of modern mathematics within a theorem-proof format.
In addition, we prove the global existence and uniqueness of a contin-
uously differentiable entropy and ectropy function for all equilibrium
and nonequilibrium states of our dynamical system. Furthermore, the
fundamental properties of reversible and irreversible thermodynamics
were also established using a system-theoretic dynamical systems ap-
proach.

In particular, for our thermodynamically consistent large-scale dy-
namical system, it was shown that:
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i) The increase in internal energy of a dynamical system equals the
heat energy received by the system minus the work expended by
the system.

ii) The total energy in an isolated dynamical system is constant.

iii) For every dynamical transformation in an adiabatically isolated
system, the entropy of the final state is greater than or equal to
the entropy of the initial state.

iv) The entropy of an adiabatically isolated dynamical system tends
to a maximum.

v) An isolated large-scale dynamical system naturally evolves to-
ward a state of energy equipartition.

vi) Although the total energy in an adiabatically isolated dynamical
system is conserved, the usable energy is diffused.

vii) For an equilibrium of any isolated dynamical system, it is nec-
essary and sufficient that in all possible variations of the state
of the system that do not alter its energy, the change in entropy
is zero or negative.

viii) The entropy of every dynamical system at absolute zero can al-
ways be taken to be equal to zero.

In addition, in our formulation the notion of subsystem thermody-
namic temperatures is derived as a direct consequence of the exis-
tence of the unique, continuously differentiable subsystem entropies.
Hence, thermal equilibrium is an equivalence relation between subsys-
tem energies and does not rely on the subjective notions of hotness
and coldness of each subsystem.

In this monograph, we have largely concentrated on classical ther-
modynamics with little mention of statistical mechanics. However, as
noted in Chapter 1, the theory of thermodynamics followed two con-
ceptually rather different schools of thought, namely, the macroscopic
point of view versus the microscopic point of view. The microscopic
point of view of thermodynamics was first established by Maxwell [72]
and further developed by Boltzmann [15] by reinterpreting thermo-
dynamic systems in terms of molecules or atoms. However, since the
microscopic states of thermodynamic systems involve a large number
of similar molecules, the laws of classical mechanics were reformulated
so that even though individual atoms are assumed to obey the laws
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of Newtonian mechanics, the statistical nature of the velocity dis-
tribution of the system particles corresponds to the thermodynamic
properties of all the atoms together. This resulted in the birth of sta-
tistical mechanics. The laws of mechanics, however, as established by
Poincaré [32], show that every isolated mechanical system will return
arbitrarily close to its initial state infinitely often. Hence, entropy
must undergo cyclic changes and thus cannot increase. This is known
as the recurrence paradox or Loschmidt’s paradox.

Loschmidt [66] was among the first to challenge the theory of sta-
tistical thermodynamics by pointing out that Boltzmann’s theory vi-
olated the time-reversal symmetry of the microscopic equations of
motion of the system particles. In fact, Poincaré’s recurrence theo-
rem prohibits irreversibility of conservative dynamical systems in the
classical sense. To the present day, many scientists have attempted to
provide an explanation of the recurrence paradox in which a lossless
dynamical system that possesses time-reversal symmetry on a mi-
croscopic scale breaks this symmetry on a macroscopic scale. Many
scientists have made untenable arguments that despite microscopic
reversibility, not all solutions need possess full time-reversal symme-
try while others have averted their eyes from Loschmidt’s paradox.
In light of Poincaré recurrence, the law of entropy increase cannot
be derived from statistical mechanics and to this point has eluded the
deepest thinkers in science. The problem of duplicating the second law
of thermodynamics remains one of the hardest and most controversial
problems in statistical physics.

In statistical thermodynamics the recurrence paradox is resolved
by asserting that, in principle, the entropy of an isolated system can
sometimes decrease. However, the probability of this happening, when
computed, is incredibly small. Thus, statistical thermodynamics stip-
ulates that the direction in which system transformations occur is de-
termined by the laws of probability, and hence, they result in a more
probable state corresponding to a higher system entropy. However,
unlike classical thermodynamics, in statistical thermodynamics it is
not absolutely certain that entropy increases in every system transfor-
mation. Hence, thermodynamics based on statistical mechanics gives
the most probable course of system evolution and not the only pos-
sible one, and thus heat flows in the direction of lower temperature
with only statistical certainty and not absolute certainty. Neverthe-
less, general arguments exploiting system fluctuations in a systematic
way [99] seem to show that it is impossible, even in principle, to vio-
late the second law of thermodynamics. In fact, no exception has ever
been found to the second law of thermodynamics making it, along with
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the first law, one of the most perfect laws of nature.
In this regard, Eddington [37, p. 81] writes:

The law that entropy always increases—the second law of thermo-

dynamics—holds, I think, the supreme position among the laws of Na-

ture. If someone points out to you that your pet theory of the universe

is in disagreement with Maxwell’s equations—then so much worse for

Maxwell’s equations. If it is found to be contradicted by observation—

well, these experimentalists bungle things sometimes. But if your the-

ory is found to be against the second law of thermodynamics I can

give you no hope; there is nothing for it but to collapse in deepest

humiliation.

The underlying intention of this monograph has been to present
one of the most useful and general physical branches of science in
the language of dynamical systems theory. In particular, we devel-
oped a novel formulation of thermodynamics using a middle-ground
systems theory that bridges the gap between classical and statistical
thermodynamics. The laws of thermodynamics are among the most
firmly established laws of nature, and it is hoped that this mono-
graph will help to stimulate increased interaction between physicists
and dynamical systems and control theorists. Besides the fact that
irreversible thermodynamics plays a critical role in the understanding
of our expanding universe, it forms the underpinning of several fun-
damental life science and engineering disciplines, including biological
systems, physiological systems, chemical reaction systems, queuing
systems, ecological systems, demographic systems, telecommunica-
tions systems, transportation systems, network systems, and power
systems, to cite but a few examples.

The newly developed dynamical system notion of entropy proposed
in this monograph involving an analytical description of an objective
property of matter can potentially offer a conceptual advantage over
the subjective quantum expressions for entropy proposed in the lit-
erature (e.g., Daróczy entropy, Hartley entropy, Rényi entropy, von
Neumann entropy, infinite-norm entropy) involving a measure of in-
formation. An even more important benefit of the dynamical system
representation of thermodynamics is the potential for developing a
unified classical and quantum theory that encompasses both mechan-
ics and thermodynamics without the need for statistical (subjective
or informational) probabilities.

There is no doubt that thermodynamics is a theory of universal
proportions whose laws reign supreme among the laws of nature and
are capable of addressing some of science’s most intriguing questions
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about the origins and fabric of our universe. While from its in-
ception its speculations about the universe have been grandiose, its
mathematical foundation has been amazingly obscure and imprecise.
A discipline as cardinal as thermodynamics entrusted with some of
the most perplexing secrets of our universe demands far more than
“physical” mathematics as its underpinning. Even though many great
physicists such as Archimedes, Newton, and Lagrange have humbled
us with their mathematically seamless eurekas over the centuries, a
great many physicists and engineers who have developed the theory
of thermodynamics over the last one and a half centuries seem to have
forgotten that mathematics, when used rigorously, is the irrefutable
pathway to truth.

Our goal with this monograph has been to develop a dynamical
system formalism for classical thermodynamics. As a result, we use
system theoretic ideas to bring coherence, clarity, and precision to
an extremely important and poorly understood classical area of sci-
ence. Our systems thermodynamics formalism brings classical ther-
modynamics within the framework of modern dynamical systems by
bringing to bear some of the hallmark analytical tools from dynamical
systems and control theory. A dynamical system formalism of thermo-
dynamics has been long overdue and aligns classical thermodynamics
with the development of classical mechanics, which also started as a
physical theory concerned mainly with equilibrium systems and with
empirical principles initially formulated by the great cosmic theorists
of ancient Greece, and later established by physicists such as Coper-
nicus, Brahe, Kepler, and Galileo. However, unlike classical ther-
modynamics which remained a physical theory, in the seventeenth
through the nineteenth centuries the physical approach of mechanics
was replaced by mathematical theories involving abstract geometri-
cal structures (configuration manifolds, Riemann space, Minkowski
space-time), wherein the mechanistic empirical principles were incor-
porated into topological properties of abstract mathematical spaces.
This physical-mathematical bifurcation of mechanics, which was pio-
neered by giants such as Newton, Huygens, Lagrange, and Hamilton,
along with the fact that classical thermodynamics remained concerned
with systems in equilibrium, made it all but impossible to unify classi-
cal thermodynamics with classical mechanics, leaving these two clas-
sical disciplines of physics to stand in sharp contrast to one another
in the one and a half centuries of their coexistence.

While it seems impossible to reduce thermodynamics to a mechanis-
tic world picture due to microscopic reversibility and Poincaré recur-
rence, our system thermodynamic formulation provides a harmoniza-
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tion of classical thermodynamics with classical mechanics. In partic-
ular, our dynamical system formalism captures all of the key aspects
of thermodynamics, including its fundamental laws, while providing
a mathematically rigorous formulation for thermodynamical systems
out of equilibrium by unifying the theory of heat transfer with that of
classical thermodynamics. In addition, the concept of entropy for a
nonequilibrium state of a dynamical process is defined, and its global
existence and uniqueness is established. This state space formalism
of thermodynamics shows that the behavior of heat, as described by
the conservation equations of thermal transport and as described by
classical thermodynamics, can be derived from the same basic prin-
ciples and is part of the same scientific discipline. Finally, classical
thermodynamics meets Fourier’s theory of heat conduction in the one
hundred and fifty years of their coexistence. And for those numerous
thermodynamicists who have repeatedly confused statics with dynam-
ics and have been under the illusion that their science of thermostatics
(i.e., classical thermodynamics) somehow rivals classical mechanics, in
consequence, they need not so remain.
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rational thermodynamics, 10
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reachable state, 52
reactive systems, 50
recoverable trajectory, 31
recurrence paradox, 171
required ectropy supply, 74, 105, 157
required energy supply, 53, 146
required entropy supply, 60, 105, 121,

150
reversibility, 8
reversible trajectory, 29

second law of thermodynamics, 1, 57,
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semistability, 87
semistable, 13, 21, 82
semistable compartmental matrix, 132
semistable equilibrium point, 42
semistable system, 43
Sobolev embedding theorem, 161
Sobolev space, 161
specific heat, 103
state irrecoverability, 13, 72
state irreversibility, 13, 72
state recoverability, 27
state recoverable dynamical system, 32
state reversibility, 27
state reversible dynamical system, 29
state space formalism, 45
statistical energy analysis, 10

statistical mechanics, 3, 170
statistical thermodynamics, 3, 70
strong coupling, 138
strongly connected graph, 56
subsystem pressures, 118

temperature equipartition, 14, 109
thermal capacity, 103
thermal equilibrium, 103, 111
thermodynamic axioms, 56, 103, 147
thermodynamic behavior, 7
thermodynamically consistent energy

flow model, 56
thermodynamics, 1
third law of thermodynamics, 81, 125
time-reversal asymmetry, 88
time-reversal symmetry, 9
trajectory, 25

universal dissipation, 5

volume-preserving map, 36
volume-preserving trajectories, 56

weak solution, 143
work, 115

Z-matrix, 18
zeroth law of thermodynamics, 57, 103
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